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GODFREY HAROLD HARDY, 1877-1947. 
I. 


THE death of the greatest English mathematician of our time is no mere 
national loss, for Hardy was recognised throughout the mathematical world as 
amaster of our science. Of his studies, Hardy himself said, in his Inaugural 
Lecture at Oxford : ** What we do may be small, but it has a certain character 
of permanence ’’. Few of us would dare to call Hardy’s contribution to mathe- 
matics small, while none of us can have any doubt about the lasting nature of his 
work. Fora full account of the new pathways he opened up, the new territories 
he explored, reference must be made to the‘notices being prepared for the Royal 
Society and the London Mathematical Society. In the Gazette, it is fitting that 
we should record with special emphasis the debt which teachers of mathematics 
in this country owe to Hardy for the vast improvements in the teaching of 
analysis during the past forty years, from vagueness to precision, from ob- 
scurity to clarity, along lines mapped out and laid down for us by him. 

From Winchester, Hardy went up to Cambridge, where he was Fourth 
Wrangler in 1898, Fellow of Trinity 1900, Smith’s Prizeman 1901, Cayley 
Lecturer 1914. In 1919 he was appointed to the Savilian Chair of Geometry 
at Oxford, but returned to Cambridge in 1931 to succeed Hobson as Sadleirian 
Professor of Pure Mathematics. From a long list of honours, we may mention 
the award, just before his death, of the Copley Medal of the Royal Society. 
He joined our own Association in 1905, served as President for 1924—6, and 
was elected an Honorary Member in 1935. 

Hardy was soon recognised as a creative mathematician of the first rank ; 
his papers and books bear abundant witness to the keenness of his intuition 
and to the precision and power of his technical mastery. Powerful minds are 
sometimes unable to profit from interchange of ideas with minds of equal 
calibre, but Hardy was free from this defect, for it would be difficult to detect 
any difference of quality between the work for which he alone was responsible 
and that contained in the many books and research papers produced by 
collaboration. The romantic if tragically short collaboration with Ramanujan, 
the long-continued and extraordinarily prolific partnership with Littlewood, 
provide two instances among many. 
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The profound influence which Hardy exercised on the teaching of mathematics 
was due not only to his eminence as a creative mathematician, but also to his 
unsurpassed power and clarity as a teacher in the lecture room or on the printed 
page, and to the fact that he knew what he wanted and knew how to persuade 
or compel others to work towards the ends he had envisaged. Evidence is 
clear in his books, particularly the revolutionary Course of Pure Mathematics, 
and in the dominant part played by him in the reform of the Tripos, of which 
Professor Newman writes below. In the years from 1905 to 1914, Hardy’s 
incisive reviews in the Gazette played a considerable part in improving the 
quality of English textbooks ; he never failed to praise sound work, but for 
slipshod incompetence there was no leniency. His articles in the Gazette in 
those years are still of historical interest, since most of them discuss matters on 
which he was making up his mind while preparing Pure Mathematics. His two 
Presidential Addresses are of permanent value, and one, “ The Case against 
the Mathematical Tripos ’’, to which Professor Newman makes reference, will 
be reprinted in the forthcoming No. 300 of the Gazette. 

Brief and inadequate as this notice must necessarily be, the work Hardy 
did for international mathematics must not go unnoticed. Professor A. V. Hill 
writes below on one aspect of this work, and perhaps its spirit can be shown by 
quoting the dedication of the tract on Dirichlet series written in collaboration 
with Marcel Riesz and published in 1915: 


MATHEMATICIS QUOTQUOT UBIQUE SUNT 
OPERUM SOCIETATEM NUNC DIREMPTAM 
MOX UT OPTARE LICET REDINTEGRATURIS 
D.D.D. AUCTORES 
HOSTES IDEMQUE AMICI. 
T.A.AB. 
I. 


When Hardy came to Cambridge, just before the end of the last century, pure 
mathematics was in a poor way there. The great discoveries that had been 
made on the continent during the nineteenth century were hardly know, 
except to a few isolated workers, and the undergraduate course of studies was 
quite untouched by them. Two circumstances tended to prevent any change. 
The applied mathematicians, who had by no means stood still, not only domi- 
nated the mathematical school, but were for the most part convinced that the 
traditional Cambridge course contained everything that was needed for 
physics. They were impatient of the hair-splitting niceties that seemed t 
form so large a part of the newer mathematical theories. A second bastion 
against change was the immense prestige of the Mathematical Tripos, the 
content of which had hardly changed in a hundred years. To be Senior 
Wrangler was the great ambition of every able student, and of this there was 
little hope without the services of the great mathematical coaches, who 
trained their men like athletes for the contest, and who were naturally not 
disposed to allow any disturbance of the syllabus they knew so well. 

A number of the younger mathematical Fellows, among whom Hardy took 
a leading part, set themselves to put an end to this state of affairs, first by 
insisting on the teaching of modern analysis with correct and rigorous proofs, 
andsecondly by attacking the sacred edifice of the Tripos itself. This attack wa 
finally successful in 1910 when the order of merit was abolished, and the days 
of the great coaches brought to an end. Hardy would indeed have gone muti 
further. Long afterwards, in an address to the Mathematical Association i 
1926, published in the Mathematical Gazette, he argued seriously and in great 


* Extracts from a broadcast on the B.B.C. Third Programme, 7 January, 1948. 
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detail, that the only satisfactory reform of the Tripos was to abolish it, on the 
ground that the only harmless examinations, without cramping effect on 
teaching, are tests of competence with a low passing standard and no classes. 
This view is still struggling for acceptance in schools, not very successfully at 
present ; the Universities have never shown any signs of adopting it. 

The attainment of decent standards of rigour in teaching was a more gradual 
process. The publication of Bromwich’s /nfinite Series in 1907 was an im- 
portant step in bringing the new learning to the more advanced English 
readers, but Hardy saw clearly from the start the importance of accustoming 
young students to good standards from the moment of their entry into the 
University. It was to show that this was feasible that he wrote in 1908 his 
book A Course of Pure Mathematics, now known to so many thousands of 
students, and so very different from any textbook written before it. Although 
much of what it contained had not been taught in English universities at all 
afew years earlier, the preface declared it to be “‘ a book designed primarily 
for the use of first year students. .. . It is a book for mathematicians : I have 
nowhere made any attempt to meet the needs of students of engineering or 
indeed any class of students whose interests are not primarily mathematical.” 
Though many of the theories in it were due to continental mathematicians 
it was marked as a textbook in the English tradition by the great wealth of 
examples, of every degree of difficulty, contained in it. It was largely through 
the influence of this book, and of Hardy’s lectures on analysis, that exact 
standards of proof so quickly became a matter of course among mathematicians 
in this country. M. H. A. NrEwman. 


IIT. 


Professor G. H. Hardy had been deeply concerned since 1933 with the fate 
of his fellow-mathematicians on the continent and had interested himself 
actively and generously, in co-operation with the Society for the Protection of 
Science and Learning, in finding places in Cambridge and elsewhere for those 
whom persecution had driven out. Mary of these will remember him, not 
only with admiration for his intellectual eminence but with affection for his 
sympathy and succour in their emergency. Hardy in many ways was other- 
worldly, but in his deep solicitude for the dangers and difficulties of his col- 
leagues he showed not only a broad humanity but a fine and resolute loyalty 
to the universal integrity and brotherhood of learning. A. V. Hm. 





BUREAU FOR THE SOLUTION OF PROBLEMS. 


Tuls is under the direction of Mr. A. S. Gosset Tanner, M.A., 115, Radbourne Street, 
Derby, to whom all enquiries should be addressed, accompanied by a stamped 
and addressed envelope for the reply. Applicants, who must be members of the 
Mathematical Association, should whenever possible state the source of their 
problems and the names and authors of the textbooks on the subject which they 
possess. As a general rule the questions submitted should not be beyond the 
standard of University Scholarship Examinations. Whenever questions from the 
Cambridge Mathematical Scholarship volumes are sent, it will not be necessary to 
copy out the question in full, but only to send the reference, i.e. volume, page, and 
number. If, however, the questions are taken from the papers in Mathematics set 
to Science candidates, these should be given in full. The names of those sending 
the questions will not be published. 
Applicants are requested to return all solutions to the Secretary. 
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SOME INTERESTING SETS OF CIRCLES. 
3y J. M. CHILD. 


THe ‘curious’ property noted by Mr. A. P. Rollett (Note 1261 in the 
Mathematical Gazette for December 1937), with regard to the centres of circles 
touching one another and inscribed in the space between two given circles, 
leads to an interesting general theorem on all such sets of circles. 

Given any two circles, and a set of circles touching one another and the 
two given circles, then, if 7,, 72, 73 are the radii of three successive circles of 
the set, of which r, is known, r, and r; are the roots of a quadratic equation 
of which the coefficients are simple functions of r, and the radii of the given 
circles. 

In Fig. 1, for example, where one of the given circles lies within the other, 
let the radius of the larger circle be taken as unity, the radius of the smaller 
circle as a, and the distance between their centres, S and S’, asc; and let 
(P,,7,) and (P,, r,) be two consecutive circles of the set. Then SP,= 1-7, 
SP,=1-r,, S’P,=a+nr,, S’P,=a+r,, and P,P,=7r,+7,; and the relation 
between 7,, 7,, and the radii of the given circles can be obtained from the 
known relation between the lengths of the six lines joining any four points 
But the somewhat laborious reductions involved in this method can be con- 
siderably reduced as follows. 


AY 





Fic, 2. 


For any cirele of the set, (P, 7), let the coordinates of its centre be (, ¥), 
referred to SS’ and the line perpendicular to it through S’ as axes ;_ then we 
have in general, 


(x +c)?+y?=(l-r)?, w2+y?=(a+r)?, and 2cx=(1 -c? - a?) -— 2(1 +4)r; 
hence, 4c?y?=4c*(a + r)? — [(1 — ec? —- a?) — 2(1 +a)r}?= —- A(B- 4Cr+ 4r*), 
where A = (1+a)?-c?, B=(1-a)?—c*?, and C=1-a. 

Hence, lbcty?y? = A?(B-4Cr, + 4r?)(B- 4Cr, + 4r9) 
A*{ B* - 4BC(r, +7.) + 16C*%r,r, + 4B (ri + 73) 
BOO oy + ede itat NGFETE), — -ncecsecsseccccsocsscet (i 


and 2c? (y? + yi) A[B - 2C(r, +7.) + 2(r? Seer (il 
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Again, since (r, +r.) = (a, — 72)? + (y, - y:)?, we have 
4c7y 42 = 2c%(x, — r2)* + 2c%(y? + y3) — We2(r, + 75)? 


=2(1+a)*%(r,—1,)? - ALB - 2C(r, +12) + 2(r? + 13)] - 2c%(r, +12)? 


= = AB + ACC + 6e) — BU + BOE Fae. sencscscssevncssvicvecsasccemae (iii) 


By equating the expression for 16c‘y*?, obtained in (i), to the square of 
the expression for 4c?y,y,, obtained in (iii), we obtain the relation between 
r,and r,; for the present, in the general theorem, it is sufficient to observe 
that it is of the form, 


(ri +93) + L (rire) + M (ry +r,)rire + Nrer} =0, 


where L, M, N are fractions involving only the radii of the given circles and 
the distance between their centres. 

There are two important points to note: (i) that the relation is fixed in 
form for any two successive circles; and (ii) it is symmetrical in the two 
radii involved, so that 7, can be replaced in the right-hand side by 73. 
Further, given r,, and replacing r, by 7, it is clear that we obtain a quadratic 
equation in r, of which the two roots are r, and 7;. Thus the general theorem 
is proved. 

The form of the result leads to several interesting riders ; for these it will 
be found convenient to replace r by its reciprocal. 

Substituting 1/d for r, and multiplying across, we have 


d? +d? + Ldyd, + M(d,+d,)+N=0, 
and d; + d2 + Ld.d;+ M(d,+d;)+N=0. 


Hence, when (P,_1. Tp-1)) (Pas Tn)s (Pays Tn41)) are any three consecutive 
circles of the set, in which ry_, >1,_ >Tp41 


dy, 1= — 4(Ldy + M) + S{(L? - 4)d2 + 2M(L - 2)d,, + M2 - 4N Jt, 


while d,_, has a minus sign before the radical ; and vice versa when r,_, is 
less than r,, 1. 

In either event, we have d,_,+d,,,+Ld,+M=0; and since this is a 
general formula, d,,.+(L-1)d,,,-(L-1)d,-d,_,=9. 

This difference-equation is the scale of relation of the series obtained by 
expanding, in ascending powers of x (< 1), the fraction 


n+1 


(w+ vx + wa?) /(1 - a2) (1+ La + x?) ; 


and wu, v, w being determined from the known values of the first three circles 
of the set starting with the greatest, the general form for the reciprocal of 
any radius of the set can be found. 

Before we pass on to consider a few special cases of the simpler general theorem 
in which the two given circles touch one another, it may be useful to consider 
the more general theorem illustrated in Fig. 1; here it is seen that, starting 
with the circles on the left, of which the centre is F’, the eleventh circle inter- 
sects the first circle; and this fact leads to a second “ circuit ’’ of circles, 
none of which touch a circle of the first circuit. 

It may therefore be asked (i) whether this is only the result of an accumula- 
tion of small errors in the construction when the successive centres have been 
found by trial, or an unfortunate choice of the first circle drawn, or a combina- 
tion of both ; (ii) or whether there is a possibility that, even if the set of 
tireles does not * re-enter ”’ on the first circuit, there may be re-entry on the 
second, third, or subsequent circuit ; 7.e. after going through several circuits, 
the last cirele will touch the first circle drawn. 
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The answer is to be found in the form of the series mentioned above. For, 
if it is supposed that the mth circle touches the first, it follows that there is 
a recurrence of a group of m coefficients in the series. Thus, assuming mm to 
be 4, then the reciprocals of the radii are the coefficients in the series 


a+bx + cx? +dzx3 + art + bx + cxé + dx? + ax*® + ete. ; 
and the fraction which generates the series is 
(a + ba + cx*® + dx?) /(1 — x4), 


which cannot be reconciled with the form obtained above. Hence, in general, 
in diagrams like that in Fig. 1, the circles can never re-enter ; or, in other 
words, they will not re-enter until every point on the elliptic locus of centres 
(dotted in Fig. 1) has been used as a centre. 

Exceptional cases arise when m is less than 4. For instance, for m = 3, it is 
clear that any three circles can be drawn so that each touches the other two, 
and two circles can be constructed to touch all three of them, one so that the 
three are all external and the other so that the three are all internal ; and the 
outer circle can be magnified or reduced (and the other four proportionately) 
until it has a diameter equal to that of the outer circle in Fig. 1: in this way 
the diagram in Fig. 2 can be constructed. But as far as can be seen, the 
diagram cannot be drawn by starting with the outer circle (of which in the 
general case the radius has been taken as unity), unless the other given circle 
(of which the radius has been denoted by a) is also determined ; 7.e. both a 
and ¢ have been determined by calculation when the radii of the three circles 
of the set are, say, proportional to 2, 3 and 4, as was taken to construct Fig. 2. 
The fact remains, however, that it is possible under special circumstances to 
have a set of three circles, inscribed in the space between two given circles, 
which will re-enter ; but if they do not re-enter on the first circuit, they will 
not re-enter at all; the condition for re-entry on the first circuit is that the 
denominator of the generating fraction is (1-x)(1+a#+2?), or that L= +1 
in the general formula. 

Another special case arises when c= 0, i.e. the given circles are concentric ; 
and it is easily seen that sets of circles can be drawn which re-enter on the 
first circuit, if a is taken to be (1 —sin z/n)/(1+sin z/n); here L= —- 2 and 
M=N=0, the terms in (r,+7,)7,7, and rir? cancelling one another when 
the expression in (i) is equated to the square of the expression in (iii). 


THE SIMPLER GENERAL THEOREM. 

Ifc=1 —a, the two given circles touch one another ;. here we have a simpler, 
but still general, theorem in which most of the algebra is simple enough to 
be within the grasp of even a fourth-former who, in these times, will have 
done a considerable amount of work on graphs and have a knowledge of the 
formula for thé distance between two points of which the coordinates are 
given. 

Using the same argument and sequence of steps as before, we get 

(1 -a)x=a(l-a)-(1l+a)r and (1 -a)?(z2, —-x,)?=(1+a)*(r, -7r,)?; 
and y?= (a+r)? —2?, therefore (1 — a)?y? = 4[a(1 - a)r — ar?]. 

Hence, (1 — a)*y2y2 = 16[a%(1 — a)*ryr, - a%(1 — a) (7, +1 g)r are + 7272]. 

Again, since P,P, is equal to r,;+7r,, we have 

(1 - a)*y.y.= 4 (1 — a)*[(z, - 2)? + (y} + y3) — (7, +72)?] 
4{(1+a)*(r, -r,)* + 4a(1 —- a)(r, +7.) - 4a(r* r?) 
- (1 - a)*(r, + 74)" 


2a(1 —a)(r, +72) -— 2(1 + 4@?)ryry. 
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Equating the square of this to (1 — a)*y?y?, obtained from above, we have, 
on simplifying and dividing across by 4a*(1 - a)?, 


l-a l+a\? 
(r,—72)? -2 — rr.(71 +s) + (-+*) grt = 6 ; 
and, replacing r by 1/d and multiplying across by d?d?, we have 
1- l+a\? 
(d,-d,)?-2- # (a, +d +(**) =0; 
a a 
and, as before, d, and d, are the roots of a quadratic equation in d, namely, 


2 = i@Xs 
d?—2d\d ie : Pe ed Py fd.. =© 
. a > a , a 





Hence, if the radii of any three consecutive circles of the set are r,_1, Tp» 


tir ANd Ty_1 >1%_ >Tp 1, then 


l-a l-a 1\3 l-a l-a 1\t : 
Pee Se ee oe, 

From this it follows that (i) d,,.-3d,,,+3d,-—d,_,=0; and therefore 
(ii) the reciprocals of the radii of the circles of the set are the coefficients in 
the expansion in ascending powers of zx (taken to be less than unity) of 

(u+ vx + wa?) (1 -2)-3. 

It would therefore appear that in this simpler general theorem, in which the 
two given circles touch one another, there is no question of re-entry ; for the 
point-circle of the set, coincident with the point of contact of the given circles, 
is never reached. Thus, for a complete set the most feasible plan is to con- 
sider that the set starts ‘‘ at’ the point-circle, proceeds from right to left 
along the upper half of the diagram and then from left to right along the 
lower half, and finishes “‘ at”? the point-circle. In consequence, in the two 
symmetrical sets for a = }, illustrated in Fig. 3, the upper semicircle gives the 
circles of one set, the lower semicircle gives the circles of the other set, and 
each set is completed by drawing a reflection in the common diameter of the 
two given circles. 

In the special cases considered below, a is taken to be an aliquot part of 
the radius of the larger given circle, so that a can be replaced by 1/k, where 
kis an integer. Thus, the radical which occurs in the expressions for d,_, 
and d,,, becomes [(k-1)d,-—k]t. Hence, if d, is an integer such that 
(k- 1)d, —k is the square of an integer, then d,_, and d,,,, are integers also ; 
it follows that d,,,.2, which is equal to 3d,,,,- 3d,+d,_,, is also an integer; 
and so also are the reciprocals of all the circles of the set. It follows also that 
zis rational; and, since y=2[(k-1)d,—k]t/(k-1)d,, y is also rational. 
Hence, since SP, S’P are rational, the sines, cosines, tangents, area, and the 
radii of the in- and e- and circum-scribed circles, of the triangle are all rational. 
Lastly, if d,, is rational, and d,_, and d,,, are not rational they are both of the 
same form p+q,/7', and thus d,,,, and every other d, is of the same form 
(a= 3, r, =} is considered below). 

In the special cases now to be considered, there are two sets that aresym- 
metrical about the line joining the centres of the given circles ; in one there 
is a single circle of greatest radius, having its centre on the line of centres of 
the given circles ; in the other there are two circles of equal radius greater 
than any other radius of the set, and these touch one another at a point on 
the line of centres of the given circles. 
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SPECIAL CASES. 
(1) Let a= 3,.or k=2. 
For the symmetrical set of the first type, d,— 2; this is illustrated in the 
upper half of Fig. 3. Successive values of d are found from 
dy,1=d, + 1+ 2(d, - 2)4; 
they are d, = 3, d,;=6,d,=11, and soon. If the form of these numbers is not 
recognised at sight, the general formula for d,, is the coefficient of x"~! in 


k(u+ve+wae?) [1.24+2.37+3. 477+...4(n+1)(n+2)a"+...], 


where u= 2, 3u+v=3, 6u+ 3v + w-=6, giving v= - 3, w= +3; hence, 


3(n-—1)n+3(n—-2)(n—-1)=(n- + 2. 




















For the symmetrical set of the second type, y,=7,; hence, when a 
we have jri=4(jr,- hr?), i.e. 7,(97,;-4)=0, and r,;=§; the apparently 
irrelevant root, 7,;=0, which will always occur in sets of this type, gives the 
point-circle at x=a= }, the point of contact of the given circles. Hence, in 
Fig. 3 (lower half), d, =. 

With d, =, we have d,=%2+1+2 /}=1/, and so d,=32; and, from these 
three numbers, the general value of d,, can, as before, be shown to be equal 
to }[8 + (2n — 1)?], or n(n - 1) + 2}. 

Here again the ** parts ’’ of the triangle SPS’ are all rational. 

Note. There is no difficulty in obtaining a simple geometrical proof for 
Mr. Rollett’s property, provided a slightly inaccurate figure is drawn ; with 
an accurate figure, it is a case of being ‘*‘ unable to see the wood for trees ”. 
Instead of the algebra using the coordinates of the point P, we can draw the 
perpendiculars to SS’ and SO, as in Fig. 4, slightly out of truth; a geo- 
metrical proof is then obtained which should be assimilated easily by any 
pupil accustomed to the modern semi-algebraical treatment of the proposi- 
tions of Euclid, Book II; and, provided that suitable hints are given, such 
as “ find PM and PN in terms of the known radii and that of the required 
circle, and then use Pythag. ’’, it should not prove too hard for homework to 
the better pupils even in a lower class than the Fifth Form. 

Let SP cut the required circle in Q and 7’, so that 7' is the point of contact 
with the greater given circle (Fig. 4); and, to avoid fractions, let ST = 6R, 
so that SP=6R-r, SQ=6R-2r; and take U on SP, such that OQ=r, 
giving SU = 6R — 3r, where r is the radius of the circle to be found. 
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Then, by the use of the equivalent of Euclid, IL, 12, we have 
2SM . SS’ =SS’+ SP?-—S’P? and 2SO .SN = SO?+ SP? —-OFP* ; 
and, replacing SS’, SP, S’P, SP, SO, OP, by their lengths in terms of # andr, 
md using the equivalents of Muclid, II, 1 to 4 and 7, we have 
SM=6R-3r=SU and SN=6R- 2r=SQ. 
Now, since the angles at S, M, and P are right angles, N.A/ is a rectangle, 
nd SP?= SAM? +SN?=SU?+ SQ? ; and it follows that 
SQ? = SP? - SU?=(SP+SU)(SP - SU)=48Q.QP (Euc. I, 6). 
It follows that SQ = 4QP, i.e. 6R - 2r=4r, and R=r; thus, 
SM =3R=SS’, SN=4R=SO; 


therefore, P is the fourth corner of the rectangle of which SS’ and SO are 
ides, and 7 is one-sixth of the radius of the larger given circle. 


Returning to sets of circles for which a= }, take r, = 2, as an instance of an 
nsymmetrical set (Fig. 5); in this case it will be found that every d, is of 
the form p+q./6, for d,=$+1+ 2%, or d,=4(11+./6); also d,=4(11- /6) 
and, since d,,,=3d,,,—3d,+d,_,, d;=}3(20+2./6). Hence, as before, d,, 
an be found from the expansion of (w+v2+wa2x?)(l1—2)-3; and we have 
1,=3[3(m — 1)?+8+(n—- 1) /6]. 


a 





Fic. 5. Fic. 6. 

In general, when the two given circles touch one another, if &, the reciprocal 
ofa, is any positive number whatever, we have 
d,,, or d,_,=d,+(k- 1)+2[(k- 1)d, —k]t=d, + (k- 1) + 2m, 
acording as r,,, is less than, or greater than r,_,, by replacing a in (iv) above 
by 1/k. In either case the ambiguity of sign is avoided by using 
dysy1t+d@,_1= 2d, + 2(k- 1), 
when a figure is not drawn as the calculation proceeds ; otherwise, if we take 
t,as the radius of the largest circle of the set, i.e. d, having its least value, 
and proceed clockwise, then d,=d,+(k-1)+2,/m, without any ambiguity, 
and we obtain : 
dg=(d,+(k—- 1) + 2m] + (k- 1) + 2[(k - 1)d, + (kh - 1)? + 2(k - 1)/m —- kph 

-d,+2(k - 1) +2 ym + 2[(k- 1) + /m)=d,+4(k-1)+47/m ; 
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and similarly, d,=d,+9(k—1)+6./m, and so on; and, in general, 
d,=—d,+(n-1)?(k-1)+2(n—- 1)[(k- 1)d,-k}i. 


As a final example, take k=6 and d, as the smallest positive integer in 
5t? +4t+ 2, or 5t? + 6t + 3, the forms which make m the square of an integer, 
namely, 5¢-+2 or 5t+3; this gives d,=2 and we have for d,, the integer, 
5n* —-6n+3. This formula holds if we proceed anticlockwise from d,, so long 
as d, is the reciprocal of the circle of greatest radius in the set, and d,=3, 
d_,=14, and so on. 

This case, illustrated by Fig. 6, is interesting because it shows (i) that 
integral values of d are not confined to symmetrical sets ; (ii) that, if the 
formula with the ambiguous sign is used, there is a danger of getting a set 
which, starting with the point-circle, moves anticlockwise to the circle for 
which d,= 3, and then getting d_,=2 instead of 14, and afterwards 2, 3, 2, 3, 
2, 3, and so on; (iii) that, unless the smaller given circle is “‘ lined-in ”’ more 
distinctly than the circles of the set, there is a danger of supposing that the 
set re-enters ; for instance, if the circle with centre P, were taken as the 
smaller of the given circles, the circles with P,, S’, P, would be a set touching 
it and the outer circle. J. M. Cum. 


MATHEMATICAL NOTES. 

2008. Visible and invisible points of non-uniform convergence. 

Those who make use of the recent article (Gazette, XXX (1946), 287-290) 
by Dr. R. L. Goodstein in teaching uniform convergence may find it helpful 
to introduce the picturesque concepts of visible and invisible points of non- 
uniform convergence due to W. H. Young (Proc. London Math. Soc. {2}, |, 
(1903), 93). For simplicity, consider the case of a sequence { f,,(x)} of functions, 
each continuous in an interval (a, 6), which converges in (a, b) to a function 
f(x). If f(x) is discontinuous at a point € in (a, b), then the sequence is cer- 
tainly not uniformly convergent in any interval containing £; such a point 
may be called a visible point of non-uniform convergence. It is, however, 
possible that f(x) should be continuous at a point € in (a, 6), although the 
sequence may be not uniformly convergent in any interval containing £; 
such a point may be called an invisible point of non-uniform convergence. 

With these definitions the main theorem discussed by Dr. Goodstein can 
be formulated as follows : a convergent monotone sequence of continuous func: 
tions can only have visible points of non-uniform convergence. ' 


2009. Shells as counters. 


I have been consulted by teachers of infants who are perplexed by the 
difficulty in getting suitable counters for the beginning of ‘“‘ number”. | 
have been able to recommend to these the use of the univalve shells known 
popularly as ‘‘ Pelican’s Foot’. They have a number of advantages. They 
are fairly common, at least on certain northern coasts. They are practically 
unbreakable, and cannot easily be swallowed! They are clearly distinct from 
one another and yet all clearly of the same kind. They have a definite top 
and bottom and will lie flat and not roll. They are of a manageable size and 
not easily lost on the floor. They are of an unusual and fascinating appear- 
ance. Altogether they seem to be the best sort of counter that has as yet 
been used or suggested for this job, and they have been welcomed by those 
who have had to work with them. FRANK SANDON. 
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* PROPERTIES OF THE TRIANGLE ” IN THE ARGAND 
DIAGRAM. 
By T. W. CHaAaunDy. 


|, The Argand frame of reference. 
WHEN we want to use algebraic methods to discuss metrical properties of 
the triangle such as Feuerbach’s theorem, Simson’s line, etc., we have the 
dilemma that Cartesian coordinates confuse the symmetry of the triangle, 
whereas in areals or other triangular coordinates the metrical formulae are 
not sufficiently simple. A convenient alternative is to use the method of the 
\rgand diagram : that is, to use complex coordinates (or ‘ affixes’) 2 +72y. 
The frame of reference is set up as follows. Take the cireumcentre O as 
wigin and the circumradius R to be unity, so that the circumcirele is | z | = I. 


Let 2. ptia 


u2z—=e CH OS oovsiceccanerdonssnseocuct (1) 


, 


be the unit vectors OA, OB, OC. We can define the signs of u, v, w themselves, 
w that =, = BI coc acascnceunenenmedseneccsauen (2) 
are unit vectors perpendicular to the sides of the triangle and drawn outwards. 
(It is a ‘* date-line ”’ difficulty we are dealing with and is chiefly important 
in discussing the incircle, etc.). For, if the triangle is obtuse-angled, letter it 
3 that A is the obtuse angle and take the initial line Oz not cutting the 
triangle. Then 
el(B+y), etlfy+a), ei(a+B) 


are the unit vectors along the internal bisectors of the angles BOC, COA, 
4OB. These are perpendicular to the sides of the triangle, the first, being 
drawn inwards, the others outwards. We then define 

i Oy Fo oie cccwsscuninsriontuchiconsen (3) 


ty get (2) as the outward-drawn perpendiculars. If the triangle is acute- 
angled, take Ox to be in the angle BOC. Then ei(8+y) is the external bisector 
of the angle BOC, but ei(v+), ei(«+8) are still internal bisectors. Thus the 
choice of signs in (3) again gives (2) as the outward perpendiculars. 

By (1) the affix of A is u?, and so the vector BC is 


wv 
w= — y? vw ( - ) shan ORR URE ORUR ER DAAy emRrIaaG (4) 
v w 


Now uw, », w are unit vectors ; their conjugates are therefore I/u, 1/v, 1/w, 
and so, on the right of (4), the second factor is a pure imaginary. Thus a 
unit vector along BC is +ivw, which confirms that vw is perpendicular to BC 
but leaves the sign uncertain. If we need the length of BC, we get it from 
(4) as 


2. The principal centres. 
The affix of the centroid is 4(u? + v? + w*). By the properties of the “ Euler 
axis ’’ that =" ae Fi ei 
OH =30G, ON=}30H, 
we deduce the affixes of the orthocentre H and the nine points’ centre N. 
[shall write H =u? +27 + w?, G=}(u? + v? + w*) 


| (5) 
ao ae he eee 
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We can confirm this affix of H since it gives 


“ io v Ww n 
AH =v? + w? vw ( ). PERN A oR rr (6) 
w v 


The second factor is real since v/w and w/v are conjugate, and so AH is in the 
direction perpendicular to BC. 

It is convenient to have a formula for the perpendicular PL from any 
point P to the side BC. Suppose ¢ the affix of P and h, k the lengths PL, 
LC. Then, equating the vector OC to the sum of the vectors OP, PL, LC, 
we have 


w= (h + tk) vw. 
That is, 
h+tk=f/ow - w/v. 
By conjugates, since /, k are real, 
h-tk=low - v/w. 


This gives PL=h=} (> + Cow — “ - =}. Satis achat Rirashaadawle aeaeekeoe (7) 


The affix of L is -hvw, which we can write 
Bea E = POE + Wa. o cccisctsscscccsesacccsesscvers (8) 
3. The incircle. 


If P is the incentre J so that h=r, we get from (7), on multiplying by uvv, 


ul + vw(uvwl) — Zruvw =U (V2 + W?). ...ccecececccceeceecees (9) 
Now u (vo? + w) = (uv + uw) (v + w) — 2uww 
(- vw + Lvw)( -—u+ Lu) — 2uvw 
-udow — vwdu + Ludvw uUvw. 


Since, on the left of (9), , uewl, 2ruvw are symmetrical in uv, v, w, we can 
(after a brief argument) identify the coefficients of u, vw to get 


C= -Lvw, wwl= - Zu) 
= » (eo eovescecvecessrecscevseees (10) 
— 2ruvow= Ludlvw — uvw ) 
Recalling the algebraic identity 
(p+ 2) (E+ BB+ P= SUES — BYBy oocvsccvecccisecscecsess (11) 
we have, from (10), 
r= — (V+ Ww) (W+ U) (+ Y)/BueVW 2.0... .ccccreccecceeees (12) 


and [= —(vw+ wut ur). 


To get 7, and /,, the radius and centre of the escribed circle facing A, we 
1 1 & 
must remember that the perpendiculars from J, to BC, CA, AB are now 


rw, -Tywu, ryur, 
(since the first of these is now drawn inwards) in place of 
row, rwu, —ruv 


for the incircle. We get this change if we change the sign of w and replace r 
by —7,. Hence 


, (uv + w)(w—u)(v - u)/2uvw, 


and Ft EMEP UD, Soiscisicswensecvecsncccsssuoceveuwayess (15) 
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4, Feuerbach’s theorem, etc. 
From (5) and (13) we have at once 


NI=}(u+v+w)?. 
Thus, by taking the modulus, 
ae ae 
NI=}(u+v4+w)l-—+-4 =}-r, by (10). 
a uv w Zs 
Since } is the radius of the nine points’ circle (because FR = 1), this shows that 
the nine points’ circle is touched internally by the incircle. As we have seen, 
if we change the sign of u, we get 
NI,=}+n, 

since N is unchanged. Thus the nine points’ circle is touched externally by 
each escribed circle. 

We obtain in much the same way the usual formulae for OJ?, OH?. For, 
since . 

OI = — Zvw, 
we have 
OF? = LSowL (1 /vw) = (Lu) (Low) /uow 
1-2r, by (10). 
Restoring the dimensions we get 
OJ? = R? - 2Rr. 

For OH® we need the radius p of the polar circle, where — p?- AH . HD. 
By (5), 
AH =v? + w*. 
From (8), = 
HD = }(v? + w? - f — v2wZ), 


where €— Lu? and so (= 2(1/u?). Hence, on reduction, 


HD 3 (uu? + v?) (uw? + w?) /u?, 

and thus AH .HD= -— $11 (v? + w?)/w?. 

Division by the square of the unit vector — vw gives 
De AO Ey, esrcasinsionsnwarenneennerecens (16) 


LuPrD (1 /u?) 1, by (21). 
Since OH -Lu*, this gives at once 
OH? — R? + 2p?. 
5. Associated triangles. 
The characteristic properties of Kuler’s axis can be written 
SN 20+, SEBO 4G, cscsnccscrcescvvcvsnocccss (17) 


the letters denoting the affixes of the points. The triangle BHC has A for 
orthocentre and N for nine points’ centre. Thus its circumcentre is 


O, =v? + w?, 
Referred to O, as origin, its vertices are 


u?, we, pe, 
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It is therefore congruent and parallel to the triangle 4C,B, where B,, C, are 
the “ antipodes ” of B, C (that is, the points diametrically opposite them) in 
the circumcircele. 

Consider the triangle 0,O,0, where O,, O; are the circumcentres of the 
triangles CHA, AHB. Its vertices are 


OF, ie BPS eo vinicecivawincesnticcsaucnseens (19 


Referred to H as origin they are —u?, —v?, —w?. The triangle is therefore 
parallel and congruent to the triangle ABC, and the new origin H is its 
circumcentre ; hence, by (17), its orthocentre is O. Thus the quadrangle 
0,0,0,0 forms a triangle and its orthocentre congruent to the quadrangle 
ABCH. This is otherwise clear, for (19) shows that the two quadrangles are 
reflexions in N. The two quadrangles therefore have the same nine points’ 
circle, which consequently touches the inscribed and escribed circles of 
0,0,0,0 as well as those of ABCH. 

The vertices of the quadrangle J,/,/,J] are well known to form a triangle 
and its orthocentre having O as nine points’ centre. Their affixes are 


| Low, 1,= -vw+wutuyr, ete. 
Thus, from (17), the circumcentre is Luw= -—J. Referred to this point as 


origin the affixes are 
I 22vw, I1,= —- 2vw, etc. 

If A, bisects that are BC of the circle ABC which does not contain A, its 
affix is —vw. Thus J is the orthocentre of the triangle A,B,C,, and the 
quadrangle /,/,/,/ is similar and parallel to the quadrangle A,B,C\J and of 
twice its size. In fact, A, is the midpoint of J/7,, and so on. Thus A, B, C, 
A,, B,, C, are six of the “ nine points ” of the nine points’ circle of J,/,/,J. 
The other three, namely the midpoints of J,/,, etc., have affixes vw, etc, 
and are A,, B,, C2, the bisectors of the other ares BC, CA, AB. 

As a rider, we can use (12), (16) to show that p’, the radius of the polar 
circle of the triangle A,B,C,, is given by p” 4rR. 


6. Simson’s line. 
Let (? be any point 7’ on the circle ABC, so that ¢ is a unit vector. By (8) 
the foot Z of its perpendicular on BC is 
§ (0? + v? + w? — v2w? /t?) = § (t? + u? + v? + w?) — § (a0? + v2? /t?), 
But . , Vw? uw (= =) 
” a t \ow” ut] 
The second factor, being the sum of two conjugates, is real (—h, say). Thus 


L lies on the line 
é, = 4 (07 + u? + v8 + w) — dheevw]t, ........cccsccecsseseees (20) 


where now h is a real parameter. By its symmetry (20) also goes through the 
feet of the perpendiculars from 7' on CA, AB. This proves the property of 
the Simson’s line and gives (20) as its parametric complex equation. The 
line goes through 

Q=4h (2 + u? +v? + w?), 
the midpoint of H7'’, in the direction given by the unit vector’ wow/t ; Q lies 
on the nine points’ circle since 


NQ= }#. 
It is convenient now to shift the origin to N, so that (20) becomes 
Bee UD oso sav erncwsenssereawemecnmronre (21) 
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Consider * the intersection of the Simson’s lines of two points s*, ?. We have 
st the intersection 


huvw kuow 


8 


2Z=0 


for some realh, k. By conjugates 
l ht 1 ks 


2 uw 8s? uvw’ 


that is 
1 ¢ ] 3? 
bs Detain tin, 4 in 
er ataliiie ) ite? 32 scsaalii ) Pte 
0 that 
Baha? OOO), ois siscciscriccccceseeacenveees (22) 
Fi — OW FIG). gis seisiccneascvwvasssunccasouns (23) 
If s?= — #2, the intersection is Q’ = — $u?v*w?/t* on the nine points’ circle and 
OO? = BRHF (CF UOW FT UOW]/EP).. oon. cecseesesesvescecsees (24) 


further, the two Simson’s lines are perpendicular since their unit vectors are 
uwww/t, wow/it. 

Thus Q, Q’ are the two intersections of the Simson’s line of 7' with the 
nine points’ circle. They coincide if t®= —u?v?w*. This gives three points 7’ 
fat the vertices of an equilateral triangle) whose Simson’s lines touch the 
nine points’ circle. 

For the envelope of the Simson’s line in general we put s?= @ in (22), (23), 
getting 

PO OY oasis cs wanisicintoisduninnebecnnmeein (25) 


for the point of contact with the envelope and 
h= — (B/uvw + uvw/t*). 


Tnus, from (24), QQ’ = — QQ’, that is, Q’ bisects QQ”. This fixes Q” in 
terms of Q, Q’, the two intersections of the Simson’s line with the nine points’ 
circle. 

To determine the envelope (25) write ¢? = (wvw)?/* e?? and rotate the axes by 
multiplying through by the unit vector (www) -*/3. The locus is then more simply 
[=e + Je-219, which is recognisable as the three-cusped hypocycloid got by 
rolling a circle of radius }R on the inside of a fixed circle of radius }R with its 
centre at N. The cusps correspond to the three Simson’s lines that are con- 
current at N; they are given by t= w?v?w*. 

The corresponding envelope for the triangle HBC has the same centre N 
and the same swing-vector (wvw)?/*, since, referred to its cireumcentre O,, its 
vertices are u?, —w*®, —v*. The envelopes are therefore the same, and, in 
fact, the Simson’s lines of the triangle ABC are also the Simson’s lines of the 
triangles HBC, HCA, HAB, as can be proved directly. 


I think I have gone far enough to show that this use of complex coordinates 
has a certain convenience for obtaining the well-known properties of the 
triangle. It is useful, too, for the composition of “ problems”: thus, if 
A, B, C, X, Y, Z are six concyclic points such that the Simson’s lines of X, Y, Z 
with regard to the triangle ABC are concurrent, then the Simson’s lines of A, B, C 
with regard to the triangle X YZ are also concurrent, and the points of concurrence 
are the same. This point bisects the line joining the nine points’ centres of 
the two triangles. T.W.C. 


*T owe this form of the argument to Mr. M. M. Crum. 
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PERIODIC SOLUTION OF A CERTAIN NON-LINEAR 
DIFFERENTIAL EQUATION. 
By N. W. McLacuHian. 


1. Introduction. The equation to be solved is 


Yow th 
onon-l 
onside! 
olution 
ve pres 
the free 





dy 

dt? 
where a, b, f are real parameters. (1) is non-linear by virtue of the term by, 
Suppose that the free end of a restoring device or spring is fixed to a mass m 
resting on a frictionless horizontal plane. Let the force-displacement relation- 
ship of the spring be f,=g(y), a function of the displacement y. If the mass is 
driven by an external force F cos wt, the equation of motion is 


ORF CONE, fais ccenesincscrveceatiaiven (I 


{2 
m “ie POF COR GH, sinc ccecesencasesacencepacanl (2) 
- | 
or : y fe — OC = (Et) COR GB... aciinsccsesiesiccniseseens (3) 
dt mm“ 


In (1), g(y)/m= ay + by’, and f=F jm. If b= 0, the spring stiffness is ma, a con- 
stant, so (3) is linear. When 6-40, the stiffness is not constant, but has the 
value mdg(y)/dy =m(a+ 3by*). This increases or decreases with increase in 4, 
according as 6 —~ 0, and (1) is then non-linear. Putting a = (w? + A*), (1) becomes 
d*y 
dt? 
This equation may be considered to symbolise a simple (linear) mass-spring 
system of free pulsatance w, driven by a force f cos wt — (A?y + by’). 
Equations of type (1) are usually solved by iteration. The appropriate 
procedure for obtaining an iterated solution having period 27/w, and a 
justification thereof, has been given by K. O. Friedrichs.* We shall obtain 
Friedrich’s approximate solution of (1) using a non-linear integral equation 
based upon (4). 
2. Derivation of Integral Equation. Writing ¢(u) for the r.h.s. of (4) §1, u for 
t, the equation becomes 


boty =f Con cil — (YOY )o. ccccccescessvecseces veeee(4) 


dy . 
~ + wet BOI i iiccwieisisieaivaieamavartaneecanaeeaealel (1 
die y= 9(u) 

Following the usual procedure (see, for example, E. L. Ince, Ordinary 
Differential Equations, p. 140, and Ex. 3, p. 157), we obtain the non-linear 
integral equation 

l ; Rf. 
y(t) = y(0) cos wt + — y’(0) sin wt 4+ | Sin w(t—uU)d(Ujdu. ci... (2 
WwW W- 0 
Non-linearity arises from the term — by(w) in (wu). 

3. Solution of (2) §2. Choose the initial conditions y(0)=C, a constant, 
y’(0)=0. Then in our dynamical system the mass m is displaced from its 
position at rest by an amount C. Its release and application of the driving 
force f cos wt occur simultaneously at ¢=0. Using these conditions, (2) §2 
becomes 


RT. 
y(t) =C cos wt 4 | sin w(t —u)[ f cos wu — A®y(u) — by3(u)] du. ...... (1) 
wo 


* Non-linear Mechanics, by K. O. Friedrichs, P. LeCorbeiller, N. Levinson, and 
J. J. Stoker, being a series of lectures delivered at Brown University, Providence, 
Rhode Island, in the session 1942.3. 
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Yow the motion of m is a combination of free and forced oscillations. Due 
non-linearity of the restoring force these oscillations interact and cannot be 
onsidered independently as in the case of a linear system (b= 0), where the 
ylutions are superimposable. To determine a solution having period 27/w, 
ye presume the presence of very low damping. After a finite time interval, 
ihe free oscillations are negligible, while the forced oscillations of period 27/w 





we affected inappreciably. 
Assume that 


| ] 
Y (t) = Co(t) + — Cy (t) +a (t) + 00g cececeeerercrenceeeneees (2) 
w w 
the ¢(¢) being continuous periodic functions of ¢, 


C= Stites thet oh in cieckcewws (3) 


dJand the f’s being independent of ¢. Substituting from (2), (3) into (1), 
ve obtain 


1 1 
q(t) + — ©, (t) + — ¢2(t) +... — A(1 + B,/w + Ba/w? +...) cos wt 4 


w w 
A q a4 ] | 
| | sin w(t-—u)} f cos wu — A® 4 cy (t) +—e,(t) 4+... 
aw “ Ww J 
3¢,2(t)e 
b £ 3(t) , Beotlt)er(?) { wo} du. arecierna nes (4) 
Ww 
Rquating coefficients of like powers of w on each side of (4), we have 
Br ee RIES xc varcaivinairenieimcswns aiedoasaerqecuney acu ons wane deaendeeni Nenana iatene (5) 
t 
wo: ¢,(t)= AB, cos wt + | sin w(t—u)[f cos wu — A®e,(u) — beg? (w)| du, ...... (6) 
7 
ie 3A%b A%*b 
=AB, COS wt + | sin w(t — 2%) L(y — Ad? - - t ) COs wt — —— COB 3 | du, ..(7) 
0 
At 3A%b Art 
(a By <-) COS wt 4+ ; (y AM 3 - ) t cos wt 4 — CO TR. Svcd cececes (8) 
for a periodic solution, the non-periodic term in (8) must vanish, so 
PE BO Oe lacisisinvadenmcwaisaicossuivnpuinnaes (9) 


Keeping the coefficient of cos wt in (2), for a given w, as A, that in (8) must 
vanish, so 


B, = A 2b 32w. PPOrerrrrrrererrrerreerere rire ree ee ( 10) 
Then, from (8)-(10), it follows that 
c(t) oo. C08 Bat sihcclmeastiaa yee (11) 


Hence, by (2), (5), (11), we yet the approximate solution 


( F A*b 
t ~A cos t ——- OOS 3 t, emer mercer ees eeseencene 12 
y ) IS w 39 2 Ww ( ) 


where we suppose that A is large enough in comparison with A*b/32w*, or 
uv’ >> A*b/32. Since A? = (a — w?), (9) yields 
3A°%b ff 
1+——--", 
4 A 


w? 


nik uininibecdatceuiaee (13) 
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Substituting from (13) into the third member of (12) gives 


3A2E 
y(t) ~ A cos wt + [4 36/32 (« a 4} OO BARS oscssisctcened (14) 

: ; | ] won 

By (3), for a given w, A is a function of C, so the coefficients in the solution Nene 
are dependent upon the initial condition y(0)=C. Assuming that w? >> A*b/32, Four-« 
(3) may be written naps 

A%® 

C~A (i ) Bae Ey sdlicva gu reeconncenedessaovueen 15) appro: 

32a? OS dis 
4. Degenerate case. When b=0, (13), (14) §3 reduce, respectively, to Colour 
cubica 
A =F (a _ w?), CUCOROTORKCOSOESESTCO ONO CSCOTCCCeSE (1) be col 
and y(t)=A cos wt=([f /[(a@ — w*)] COB al, ....cccccceseeceee (2) Byertex 


which is the forced oscillation in the linear case. The coefficient f/(a— w*) is joined 
independent of the initial conditions, whereas in the non-linear case (14) §3, fia ¢ 


this is not so. An ist 
5. Free oscillations. We consider these for the undamped condition with , ty 
f=0 in (1) §1. The equation becomes = 
iD exam] 
a - 
y PR Be ae ncviccscecccncnteaciandecnsecncens (1) enists. 
dt? A i 
On physical grounds the oscillations are periodic. Putting f = 0 in (13) §8, 
saan al tee IR, os viiccscecsrstasicsensitecrdl (2 
giving the approximate period 
Te Daley — Bele + BA BIEL... nn ccccsacsoncccccnvensers (3 
For the linear case b = 0, 7) = 27/a1/*, so in the non-linear case 7, = 7) according 
as b=—0. This is obvious from a physical standpoint, since in the first instance 
the spring stiffness increases, whereas in the second it decreases with increase 
in displacement, with respect to the value ma. 
By (14) §3, with f= 0, w= wo», the approximate solution of (1) is 
y(t) = A COS wot + [A5b/32 (a + 3A2b/4)] COS Burgt, 2... cece cece eeeeees (4 
where A ~ C as at (15) §3. 
6. Exact solution of (1) §5. Write v=dy/dt, the velocity, and we get 
Coa = GG)... once ccccesicceccccesecovsaccces (VR 7 he 
Integrating (1), and using the condition 04 y=C, v=0, gives colour 
ry 1/2 toc 
t =| dw|( ) wef is? } On C2 + w*) | oad noranesaecersGome (2) Bnetwo 
a‘ tions « 
The substitution w=C cos @ leads to from « 











l dar 1 
a 16 ] 2 si 2 6 1/2 EE Eo H" 9 } . F As, @ ond 3) 
(a+ co ( A* sin” 6) (a bein (A, 32) ~ F(A, @)], \ 
F being an elliptic integral of the first kind with modulus A = [bC?/2(a + bC?)|!4, 
and cos p=y/C. Hence the displacement-time curve is an elliptic function, 
and it may be plotted using tabular values of F'(A, gy). The periodic time is 







“4 
ro = [4/(a + BC2)*2] |" dO/(1 — A? Sin? BY", eee eeceeeeeeeeee (4 
-0 





= OOO PRON Bay. sccccsessccssavnedeesniccsaaceconseal (5) 
If a >> bC?, (3) §5 is a satisfactory approximation to (5), in technical work. 


N. W. Mel. 
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NETWORK-COLOURINGS. 


By BLANCHE DESCARTES. 


[WONDER why problems about map-colourings are so fascinating? I know 
several people who have made more or less serious attempts to prove the 
four-Colour Theorem, and I suppose many more have made collections of 
maps in the hope of hitting upon a counter-example. I like P. G. Tait’s 
approach myself ; * he removed the problem from the plane so that it could 
be discussed in terms of more general figures. He showed that the Four- 
(olour Theorem is equivalent to the proposition that if N is a connected 
abical network, without an isthmus, in the plane, then the edges of N can 
be coloured in three colours so that the colours of the three meeting at any 
vertex are all different. (A cubical network is a set of points called vertices 
jpined in pairs by simple arcs called edges, no two of which intersect except 
sta common vertex, in such a way that just three edges meet at each vertex. 
4n isthmus is an edge whose removal destroys the connection of the network.) 
It was at first conjectured that every cubical network having no isthmus 
could be “ three-coloured ” in this way, but this was disproved + by the 
example of Fig. 1, for which it may readily be verified that no three-colouring 
exists. 





Fie. 1. 


I have often tried to find other cubical networks which cannot be three- 
coloured. I do think that the right way to attack the Four-Colour Theorem 
is to classify the exceptions to Tait’s Conjecture and see if any correspond to 
networks in the plane. I did find some, but they were mere trivial modifica- 
tions of Fig. 1, obtained by detaching the three edges meeting at some vertex 
fom one another so that the vertex becomes three vertices, and joining these 





three by additional edges and vertices so as to obtain another cubical net- 
work. (Fig. 3 is an example of such a trivial modification.) 

Now if the vertices of a cubical graph are split into two mutually exclusive 
tlasses, Az and Bz, and if Z is the set of edges which have one end in Az and 
the other in Bz, I shall call Z a ‘“‘ zone’”’. If Az and Bz each contain more 
than one vertex I shall call Z a “ proper zone”’’. The “ trivial modifications ”’ 
nentioned above each contain a proper zone consisting of just three edges. 

I wondered if there could be any other exceptions to Tait’s Conjecture, 
besides the network of Fig. 1, which had no proper zone of just three edges. 
Idid eventually discover one. I will describe its structure later on. 


*W. W. Rouse Ball, Mathematical Recreations (Macmillan, 1940), pp. 224-227. 
t Loc. cit., p. 225. 
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THEOREM. 

Suppose a cubical network N is coloured* in three colours, 2. Band yy. LetZ 
be any zone in N, and let ng, ng, n, be the numbers of edges in Z having colours 
a, B, y respectively. Then ng, Ng, ny are congruent modulo 2. 

For the number of edges in Z coloured « is clearly equal to the number of 
vertices in Az minus twice the number of edges coloured « in Az. Thus n, 
is congruent modulo 2 to the number of vertices in Az. Similarly for the 
other two colours. 

This accounts for the non-colourability of the above ‘“ trivial modifica. 
tions’. Three links constituting a zone are, by the Theorem, the same as 
three links incident with a vertex for colouring purposes ; their three colours 
are all different. 

The construction for a new counter-example to Tait’s Conjecture is as 
follows. Replace each vertex of Fig. 1 by a nonagon. Join these by mean: 
of units like Fig. 2, identifying A, B, C with three vertices of one nonagon, 
and A’, B’, C’ with three vertices of another. I will call such a unit a “ link” 
between the nonagons. Two nonagons are to be linked in this way if, and 
only if, the corresponding vertices of Fig. 1 are joined by an edge. Thus each 
nonagon is joined to just three others: three separate sets of three of its 
vertices are to be used for each of these three joins, so that the resulting 
network N is cubical. 





A 











Cc - Cc 
Fria. 2. 


“cc 


Suppose N can be three-coloured. Then we can associate a ‘ colour’ 
with each link L between two nonagons: if Fig. 2 is taken to represent / 
and two of the edges a, b, c have the same colour, we define the colour of L 
as the colour cf the third edge, but if the colours of a, 6 and c are all different 
we define the colour of L to be 0. The colour of L could be defined similar 
in terms of a’, b’ and c’. Since the six edges a, b, c, a’, b’, c’ constitute a zone, 
it follows from the Theorem that the two definitions agree. We can also appl} 
the Theorem to the zone Z defined by taking the vertices of one of the nonagons 
as Az. We then find that the colours of the three joins 1 from this nonagon 
to others are all different unless one of them is 0. 

Consequently, if no 1 has colour 0, we can derive a three-colouring of the 
network of Fig. | by associating with each of its edges the colour of the cor- 
responding L. Since this network has no three-colouring, some L (represented 
by Fig. 2, say) must have colour 0. The colours of a, b and ¢ are then all 


*It is implied that the colours of the three edges meeting at any vertex are al 
different. 
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jiferent, and the colours of a’, b’ and c’ are all different. By identifying 
4, B and C, and also identifying A’, B’ and C’, we obtain then from L a 
abical network N’ having a three-colouring. This is impossible, however, 
ance N’ evidently has the same structure as the network of Fig. 1. 





Fic. 3. 


This shows that NV has no three-colouring. Yet it is not one of the “ trivial 
nodifications ’’, for it is evident that it contains no proper zone of just three 
ages. But it is still a derivative of the network of Fig. I. 1 wish I knew of 


acompletely independent counter-example ; can any reader produce one? 
BLANCHE DESCARTES. 


2010. Pons Asinorum. 

Euclid’s proof of this proposition is, I suppose, seldom proved in class 
nowadays, though it serves as an excellent congruency rider. The develop- 
want of it, discussed below, is found exciting by boys a year or two older. 

Euclid’s figure requires points F and G on AB and AC produced, such that 
{B= AC, and AF=AG. The proof should be repeated with AF and AG 
ss than AB and AC. Thus F can be taken on either side of B. But what 
if F coincides with B, and G with C? Begin, as before, by comparing triangles 
4FC and AGB, naming the elements exactly as they were named in the first 
two proofs; and from the congruent triangles obtain the equality of the 
agles AFC, AGB. But in this case these are ABC and ACB respectively, 
and the proof is finished. 

Now dispense entirely with F' and G, replacing them at each point of the 
ast proof by B and C. The proof now runs : 

In the triangles ABC and ACB: 


BA —CA (given), 
AC = AB (given), 
and LBAC=LCAB. 
So the triangles are congruent and, in particular, 
LABC=LACB. 
There is something intriguing in so comparing a triangle with itself, while 
incidentally something of the nature of symmetry is made explicit and the 
teed for careful naming of corresponding elements (referring more frequently 


‘0 the names of the triangles being compared, than to the figure) is made 
paramount. A. G. SILLITTO. 
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We 
THE EULER TRANSFORMATION FOR NON-RECTANGULAR 
AXES. 
By A. D. Booru. 
LN certain problems of X-ray crystallography it became necessary to determine ff TUS 
the coordinates of a point P, originally at (x, y, z) in the non-rectangular, No 
Cartesian system (X, Y, Z) after rotation of the vector OP about some line OA, AP’, 
This is the classical Euler transformation, and the result is well known for ff of 4] 
rectangular axes. Since, however, no reference could be found to the more ff and s 
general case, the results of this calculation may be of interest. 
With the notation of the figure, let (XY, Y, Z) be non-rectangular, Cartesian we he 
axes, such that 
LXOY=y, 
LYOZ=a, : 
from 
LZOX =f. Wi 
On 
lem. 
then 
case 
For 
that 
whe! 
plan 
also, 
Whe 
whi 
Nov 
1.e. 
Let P(x, y, z) be any point whose coordinates in this axial system are (x, 7,2), § 
and let r be the vector OP. Let OA be any line through O, having direction § Sut 
numbers (A, », v) and let the unit vector in direction OA be a. Let PA be the 
perpendicular from P on to OA. Then, if P’ is the result of rotating PA whe 


through angle @ about OA, it is required to find the coordinates (2, y, Z) of P’. 
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THE EULER TRANSFORMATION 


We have 2 - 
AE he  cesccncmtacacaeawsscavesesanenoaceneues (1) 
CN MIR icici pntubicsicieuiceonaonatuil (2) 
AP =OP - OA =p (say). 
Thus Oy We a nccecesconcicsancostswecwecurouseeem (3) 
Now [p x a] is a vector normal to AP and OA, lying in the plane of AP and 
AP’, and of magnitude | [rx a] |=| p|. It is easily seen that the projections 


of AP’, along AP and [p x a] respectively, are | AP’ | cos 6 and | AP” | sin 0, 
and since 
| AP’ |=|AP|=|p|, 

we have at once 
AP’ — pcos 0+ [px a] sin @, 

cos? .r—(F ..8) 008 6 ... 8+ Gi OE K By. coc sccesceosesess (4) 
from (3). 
Whence, from (1), (2) and (4), 


OP’ =cos 0.1r+(1-—cos 0)(r.a).a+sin 6 [rx a]. .........65 (5) 


One Mure «onl, ig needed before applying (5) to the transformation prob- 
lem. Let (i, j, k) be une «i+ vectors along the X, Y and Z axes respectively: 
then expressions for [i x j], [J x K) a. (e x j] are required. In the Cartesian 
case these are simply 


[i x j]=k, ete. 


For non-orthogonal axes, however, the situation is more complex. Assume 
that 
it GARG AMG hcicncckscccciccteiactsmepsninneaiona (6) 


where a, 6 and ¢ are scalar quantities. Since [ix j] is perpendicular to the 
plane of (i, j) it follows that 


GB x {P= GJ. Fx GH, ...-..cccccseccrecvcrerneee (7) 

also, since |i |=|j|=|k|=1, 
(i. j) =COB y, CLC. .......c.csreereeccccrecoeccerees (8) 
| [ix fj] [= BIN y, CLC. .......ccccerssocesescnreeeescoes (9) 


Whence, from (6), (7) and (8), 
a+becos y+e cos B=0, 


a cos y+b+c cos «=0, 
which give 
a/c = (cos y . cos « — cos B)/sin*y | 





Ys 2), 
ection 
de the 
g PA 
of P’. 








5 ieehineha aapameeeasenn (10) 
b/c = (cos B . cos y — cos «)/sin?y J 
Now, from (6), (8) and (9), 
(ai + bj + ck)? = sin*y, 

i.e. a? +b% + ¢% + Qab(i. j) + 2be(j . k) + 2ca(k . i) =sin*y, 
or a? +b? +2 + 2ab cos y + 2bc cos «+ 2ca cos B=SiN?y. .....eee eee (11) 
Substituting from (10) in (11) gives, after some reduction, 

CHSiIN*y/D, ......ceccecccescscsccsccsseseccseres (12) 
where D? = (1 — cos®« — cos?B — cos*y + 2 cos « COS B COS y).  .sseeeeeeers (13) 
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Whence, introducing the notation, 
(aBy} = (cos « cos B - cos y)/D, ete.) 
(a) =sin? «/D, ete. |!’ 
it is seen that 
li x J] = fyaB}it {Bya}j+ aang, 
[j x] = {a} it {a By} jt fyaP} ke pe ccceeeeeeeeeeeeee ees (15) 
[k x i] = {aBy} i+ {B}j+ {Bya}k | 
We are now in a position to write down the transformed coordinates. By 
definition, 
a= i+ pj + vk, 
r=2i+ yj + zk, 
r=ri+ yj+zk, 
whence, from (5), 
=x cos 0 
+A(1 — cos 6)[Ax + py + vz + (ua + Ay) COs y + (vY + uz) COB x + (Az + va) Cos f] 
+ [(mar — Ay) fyaB} + (vy — pz) {a} + (Az — vx) {xBy}] sin 6. 
y=y cos 6 
+ p(1 — cos 0) [Ax + py + v2 + (par + 0? eo ¥ + (VY + wz) COS a + (Az + var) COB B] 
+ [(mar — Ay) {Byac} + (vu ——~) capy} + (Az — va) {B}] sin 0. 


+ v(1 — cos 8) [Ax + py + v2 + (wx + Ay) CoS y + (vy + wz) COS a + (Az + va) Cos B] 
+ [( pa — Ay) fy} + (vy — pz) {yoB} + (Az - var) {Bya}] sin 0. 
where the { } are as defined in (13) and (14), and, since (a. a)=1, 
A? + p? + v? + 2Ap cos y+ 2uv cos « + 2vA cos B= 1. 


It will be seen that these equations reduce to the ordinary Euler transforma- 
tions 
x=x cos 6+ A(1— cos 0) [Ax + py + vz] + [vy — pz] sin 0, ete., 


when «=B=y=7/2. A. D. B. 


GLEANINGS FAR AND NEAR. 


1559. Going into the mathematics of the business, Mr. Shaw says this: 
“In any fair and simple test between two experts copying the same text for 
a minute in Jolinsonese and in phonetic, the time saved by phonetic will 
come out round about 20 per cent., as stated by our phoneticians. 

Such a figure impresses nobody. But the figure is wrong ; it leaves out the 
time factor. We are used to read per cent. as per cent. per year; but in 
the test per cent. is per cent. per minute.” 

‘Now there are 525,000 minutes in a year, consequently the saving 
of 20 per cent. per minute means a labour saving of two months’ working 
days per scribe every year. 

Multiply this figure by an estimate of the number of persons who at every 
moment of the 24 hours are writing the English language in the British Common- 
wealth and in America, and the total is astronomical.’’—Daily Mail, May 12, 
1947. [Per Prof. L. M. Milne-Thomson.] 
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CYCLIC DIFFERENCES. 
By H. G. HapeEn.* 


Ir we take any integral number, and suppose it written round the circum- 
ference of a circle, it is possible to form differences by subtracting each digit 
from its neighbour on the right. If the result is negative, 10 is added to 
bring the answer positive. The second and successive differences may be 
formed similarly. It is found that at some stage the lines of differences start 
to repeat those occurring before. 

For example, considering the number 1239, we have the difference table, 


1 2 3 9 (1 2 3 DP ciwe ) 
1 l 6 2 
0 5 6 9 
5 ] = ] 
6 y 7 8 ‘ 
6 6 6 2 
0 0 6 4 
0 6 8 6 





6 2 8 4 


so that the ninth line repeats the fifth. Thereafter all lines repeat previous 
lines, so that the fifth to the eighth lines represent a period similar to that of 
recurring decimals, the first four lines being similar to the non-recurring 
figures which result when the denominator of the fraction to be decimalised 
contains 2 or 5 as a factor. 

It is interesting to examine the reasons for this behaviour and to determine 
the length of the period and non-recurring part in the general case. Before 
passing on to this, however, we investigate more fully the case where the 
uumber has four figures, of which the above is an example. 

Define an operator P, with the properties that, if the number is ABCD, 
where A, B, C, D are integers less than 10, then 


B=PA, 
C=PB=F*A, 
D=PFC=F*8=F*A. 
Thus when the number is arranged around a circle we must have 


A=PD=P*A, 
and so, operationally, 


P+ = 1, 
The difference table can now be written as : 
A PA P?4 P34 
(P-1)A P(P-1)A P?(P -1)A P3(P -1)A 
(P -1)?A P(P -1)8A P*(P -1)?A P3(P -1)?A 


(P -1)8A 


Here the nth line is : 
(P-1)*"'4A P(P-1)"'A PXP-1)*"'A P(P-1)*"'A. 


*I am indebted to the Director-General, Scientific Research and Development, 
Ministry of Supply, for permission to publish this Note. 
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In expanding the binomial (P - 1)"-!, we use P4=1 to reduce the indices 
of P, and the coefficients are reduced modulo 10. It is easily verified that 


(P -1)§=6P3+ 6P246P +2=(P - 1)! (mod 10). ...........0... (1) 


Thus the ninth line will be the same as the fifth, no matter what A, B,C 
and D are chosen to be. 

It is to be noted that in general it is not possible to divide by P — 1, e.g. we 
cannot infer from (1) that 


Se get eee (2) 


which would imply that the eighth line repeated the fourth, which we see 
from the example given is not generally true. This is connected with the 
fact that 

0=Pt-1=(P-1)(P?+P?+P +1), 


so that the correct form of (2) is 
(P-1)/=(P - 1334 a(P?+ P?+ P+ 1), 
where a is some integer. 
On the other hand, multiplication by P — | is possible, and also muiltipiica 


tion and division by P. 
By actual expansion of the binomials it can be verified that 


(P - 1)?+(P - 1), 


so that in general there are four non-recurring lines. For specially chosen 
initial numbers, i.e. for further restrictions on P besides P*= 1, there may be 
fewer than four non-recurring lines. In fact : 

(a) if all four digits of the initial number are even, and their sum is =0 
(mod 10), the period starts with the first row ; 

(6) if the four digits are all even or all odd, the period starts with the second 
TOW ; 

(c) if two digits are even and two odd, the period starts with the third 
row if the digits are arranged alternately odd and even, and with the 
fourth row if not. 

As an example of the proof of the above, take (b). We have to find the 

conditions on P for 
(P-1)5A =(P-1)A. 
This reduces to 
5PA=5A (mod 10) 
or PA =A, 3A, 5A, 7A, 9A, 
so that if A is‘even or odd, so are PA, P?A and P?A. 


As a further special case before passing on to the general theory, we find 
under what conditions the period can be reduced below four lines. The 
condition on P for a three-line period is 


(P-1)'A=(P - 1)4A, 


or CO EF SE. oon cs ccipecececewnorseaatuaceeseserss (3) 
For a two-line period we have 
Ce ee Oe BOO hes viaccccensscndecrescssuceasnsecens (4) 


and for a one-line period : 
Ps PY 4 ROM. iiscckccedicicnnuunnd (5) 
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If we multiply (4) by 3P and (5) by 3P? they both reduce to (3). Thus if 
there is a sub-period it consists of one line. To construct a solution from (3), 
choose A and PA arbitrarily and use the equation as a recurrence relation, 
giving 


6P?A = - 2PA - 2A, 


and 6P34 = —-2P?A - 2PA. 
A typical solution is : 
I 2 9 3 
l 7 4 8 
6 s 4 3 
I | 9 3 
6 2 4 8 
6 2 4 8 


General theory. 

Consider a number of k& digits in the scale of n. Initially n is restricted to 
be a prime p. 

Introducing an operator P, as before, with the property P* = 1, the differ- 
ence table is : 


A PA ae pri 
(P—1)A . on oe 
(P 1) wees. 
(P= 1)™A cece pk-P— \)m4 


Since the arithmetic of the numbers.P%(P — 1)™A is to a finite modulus p, 
there exists only a finite number of different sets of k numbers, and at some 
stage the line of differences must repeat a previous line. Suppose the (m+ 1)th 
line repeats the (n+1)th line (with m+n). Then the lines following the 
(m+ 1)th line repeat the lines following the (n + 1)th line, and the differences 
are periodic with period m-n. 

If the (n+1)th line is the first that is repeated lower down and the first 
repetition occurs in the (m+ 1)th line we may term m ~n a primitive period, 
and we have the operational equation 


(P -1)™=(P — 1)"(mod p). 
The general period is represented by the equation 
(P-1)4=(P -1)8, 


where A — B is divisible by m-n, and B2>n. 
To derive a periodic equation we have 


(P —-1)?=P?—-1 (mod p). 
Writing P?, Pr’ ... for P, we have the further equations : 
(P? —-1)?=Pr*-1, 
(Pr? — 1)? = Pr’ - 1. 
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Introducing the relation P* = 1 the indices of P can be reduced mod k, and 
we have 


(P - 1)? =P - | where p=A,k +a), 
(P% — 1)? = Pa, - | a pa,= A,k+a,, 
(P*r - 1)? = Psi ] ‘ pa,=A,,,k+ay,1, 


The equations giving dy, a, ...a@,,, are those that arise in expressing 1/k 
as a decimal in the scale of p. 


(1) If k is a prime + p, the numbers 


By, Gee Bey. ce 
recur with (say) 


Geek 
a, £1 (s<?P). 
The mumbers a), 4), ...,4,_, are all different, and r+ 1 is either k- 1 ora 


sub-multiple of k — 1. 

In this case 

(P-1)=(P"" - 1)=(P*— - 1) =... =(P-1)9"" 

gives a periodic equation. 

(2) If k is the product of primes other than p, a periodic equation is similarly 
of the type 

(P -1)?4 =(P-1). 
(3) If K=p*, the decimal in the scale of p terminates and the periodic 


equation becomes 
(P -1)F=0. 
(4) If & contains p* as the highest power of p as a factor, the periodic equa- 
tion is of the type 
(P - 1)94 =(P - 1)". 
Examples. 
(i) o=% &=6. 
(P-1)'=P?- 1l=P?-1, 
(P*-1)?=P'*- l= Ps 3. 
(P4-1/'=P*%-1=P%- 1, 
(P?-1)?=P*-1l=P-1. 
Hence 
P—=l=(P*-t)=...=(P = 1", 
and a periodic equation is 
(P -1)*=(P- 1). 
ta) p= 5,.. &= 70. 
(P-1=P5-1, 
(P5—1)§=P8-1=Ps- 1, 
Hence a periodic equation is 
(P - 1)%=(P — 1)*. 
An alternative method is available if 1// as a decimal runs to its full period 
in the seale of p. 
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(P-1)8=P*—1, 
(Ps —1)§=P*—-1=P4-1, 


(P4— 1)§= Ps— one. : 
Hence (P - 1)" = - a : 
Raising each side to the 14th power, 
(P - 1)'5° =(P — 1)", 
The method of the previous examples gives 
(P - 1)*=(P- 1), 
30 that we may infer as a periodic equation : 
(P - ] 14-59-13 =(P-1). 
Primitive periodicity. 
It does not follow that the period obtained by the above methods is the 


primitive period. It is necessary to test this in every case. Certain results 
are useful in shortening this process. 


(1) If we have an equation 
(P-1)"=(P-1), 
the primitive period is a factor of m — 1. 
(2) The primitive period is even and a multiple of &. For writing 1/P for 
P in 
(P-1)% =(P-1), 
where N — | is the primitive period, we have 
(P - 1)" =(- P)¥-(P — 1). 
Thus (-P)¥-=1. 

From these two facts it follows, in the case p= 5, k=7 treated above, that 
the primitive period is a factor of 14(5*- 1)=14.4.31 and also a multiple 
of 14. Hence it is only necessary to show that 14.4 and 14.2.31 cannot 
give periods to prove that 14(5 — 1) is the primitive period. 

This involves evaluating (P — 1) where N is a large number. One method 
of doing this is indicated in the following example. 


Suppose we wish to find (P- 1) where P?=1 and the arithmetic is 
modulo 5. Writing 520 in the scale of 5, we have 


520=4.5+4. 5%. 
Hence from the equations given in example (3), 
(P — 1)5% = (Ps — 1)4(P*— 1)4, 
Now to multiply the expression 
a, P*+a,P*+...+4,P +a, 


by P-—1, we may write the coefficients down and subtract each from its 
right-hand neighbour (remembering that a, has to be taken from a, and that 
the arithmetic is to a finite modulus). The answer is then 


(a, — Ag)P® + (a, — a5) P® + ... + (Ag — Ap). 


This can be repeated as often as required. To multiply by P?-—1, we 
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subtract each coefficient from the next but one on the right, and similarly for 
multiplication by P*— 1 we subtract each coefficient from the next but two 
on the right. 

Thus to find (P* — 1)4(P*— 1) we write down the coefficients of (P° - 1)! 
(say) = P*+ P*+ P?+ P+1 (mod 5): 


l 0 l l 0 1 k. 


Multiplying by P*- 1, we subtract each number from the next but five on 
the right : 


0 ] 4 0 ] 4 0. 
Repeating this three more times : 

0 4 2 $ t 2 

4 l 2 3 0 2 ‘ 

4 3 4 4 3 3 4, 


we have 
(P — 1)8°=4P%+ 3P5+4P4+4P3+ 3P?+3P +4. 
As a further result for evaluating the primitive period, if k=k,k, and the 
primitive periodic equations of k, and k, are known to be 
(P —-1)m=(P-1)m 
and (P — 1)m2=(P — 1)ms, 
then the primitive period for k must be at least the L.c.m. of m,-—m, and 
Me — No. 
Modulus a product of different primes. 

The foregoing gives a method of finding the primitive period for arithmetic 
modulo p, a prime. We have now the problem of combining two different 
prime moduli. The result is : 

If P*=1 and the primitive periodic equations for p, and p, are 

(P-1)m=(P-1)% (mod p,) 
and (P -1)m2:=(P-1)"2 (mod p,), 
then the primitive periodic equation for p,p, is 
(P-1)4=(P-1)¥ (mod p,p,), 
where M - N is the t.c.m. of m,—n, and m,—n., and N is the greater of 7, 
and no. 

For 

(P-1)M@=(P-1)% (mod pyp,) 
implies } (P-1)“=(P-1)% (mod p,), 
so that M— N must be a multiple of m,-n, and N>n,. Similarly with p,. 
Hence M — N must be at least the L.c.m. of m,—- n, and m, — nz, and WN > greater 
of n, and ns. 

Further, from 

(P—1)"1=(P-—1)% (mod p,) 
we have 
(P —1)m=(P-1)m% + pif (P) 
(where f,(P) is a polynomial with integral coefficients), and we can derive the 
equation 
(P — 1)4m.-4 —Dm = (P— 1)i+ pif (P), ...00.0c0cecccceveses (6) 


where A is any positive integer. 
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Similarly we have 
(P- 1) Bm,—(B—1)n, =(P - 1)"2+ pfAP’. 
Suppose n,>n,; then from (6), 
(P — 1)Am—(A—1)n, +n, —n, = (P — 1)M2 + py fy(P). 
If we choose the smallest values of A and B so that 


Am, -(A-1)n,+n,-n,=Bm,-(B-I1)n, 

(i.e. so that 
A(m,-—7,)=B(m,-n,.)=L.c.m. of m,—n, and mz, - Ne), 
then 
PofslP)=PifdlP)=PipofP), 
since the polynomials f(P) have integral coefficients and p, and #, are different 
primes. Hence 
(P — 1)Bm,—(B—-1)n,=(P—1)"2 (mod p,p.) 

gives the primitive period for p,p.. 

This result can be extended to cover congruencies modulo p,pz... Py» 
where the primes are all different. 

We give here a table of primitive periodic equations, for congruencies 
mod 2, 5 and 10, and for values of k from 2 to 17. From this, for example, 
we see that if 7 digits are arranged around a circle and differenced, the dif- 
ferences will not start to repeat until the 1737th line. 


PRIMITIVE PERIODIC EQUATIONS. 

















ei Mod, 2 Mod. 5 Mod. 10 

2 (P -1)?=0 (P-1)3=P-1 (P- 18 = =(P-1) 
3 (P-1)4=P- (P-1)%=P-1 (P-1 ep) 

4| (P-1)*=0 (P-1)§=P-1 (P —1)*=(P - 1) 
5] (P-1)'%*=P- (P -1)§=0 (P - 1)?8=(P-1)5 
6 (P - 1)§=(P -1) (P-1)2=P-1 (P — 1)?*=(P - 1)? 
7 (P-1)§=P- (P-1)!37=P-1 (P-1)'""=P-1 

8 (P - 1)§=0 (P-1)8=P- 1 (P - 1)**=(P - 1)8 
9] (P-1)*=P- (P — 1)?33=P- 1 (P — 1)'5625= P - ] 
10] (P-1)#=(P- 1) (P - 1)8=(P - 1)5 (P - 1)*=(P - 1)5 
ll | (P-1)#=P- (P -1)345=P- 1 (P — 1)98845=P-] 
12) (P-1)'*=(P- = (P-1)8=P-1 (P — 1)*8=(P - 1)* 
13 | (P- 1)8°=P-1 (P -1)*5=P- 1] (P — 1)#105= P— ] 

14] (P-1)%=(P-1)? (P —1)'737=P-] (P — 1)'738=(P — hy? 
15} (P-1)%=P-1 (P - 1)!#88=(P — 1)5 (P - 1)!##5=(P - 2)5 
16 (P - 1)'*=0 (P - 1)85=P-] (? ] 640 = (P - ])'6 
7| (P-1)%%=P-1 (P — 1)33,281,217 = p — | (P — 1)86,406,081 — P _ } 





SUB-PERIODS—PRIME Mopu.us. 

We will conclude this note by touching on the problem of the special choice 
of the initial numbers to give a smaller number of non-recurring lines, or a 
smaller period, or both. Examples of this with k= 4 were given previously. 

The method used there was to take the equation corresponding to the 
period desired, and use this as a recurrence relation to find the initial numbers. 
This method needs further restrictions to work in the general case, since 
usually the recurrence relation obtained will not secure the recurrence of the 
initial numbers, 7.e. is incompatible with P= 1 
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The general method is this. We restrict ourselves initially to the case 
where the arithmetic is mod p, a prime. 
Suppose p*— 1 gives 
(P -1)4=(P - 1)8 
as the primitive periodic equation in the case when there are no restrictions 


on the initial numbers (other than P¥ = 1). 
Then all the factors of P* — 1 (mod p) are in 


(P- 1)A-(P-1)4., 

For a sub-period we choose a set of irreducible factors of P* — 1, one of 
which at least is not in P“! — 1 where k,<k, such that this set is contained in 
(P -1)*-(P - 1)8, 
where (« — 8) divides (A — B), and not in any smaller 

(P — 1)4 —(P- 1)A1. 

This set of factors, when multiplied out, will give a recurrence relation for 
the initial numbers, which will recur with period k and not before, and of 
which the differences will be periodic with a period given by 

(P -1)*=(P -1)8. 
As an example consider P6=1, mod 5. The primitive periodic equation is 
(P-1)%=P-1. 
We have 
pe ] (P3 Gr 4 1) 
(P - 1)(P?+P+1)(P + 1)(P?- P+ 1). 

Thus the recurrence relation must include the factor P?— P+ 1 to ensure 

that the initial numbers run to their full period. 


The sub-periods must be factors of 24, and hence we have to factorise 
expressions such as 


(P-1)'*-1, (P-1)8-(P-1), (P-1)*-1. 


We have 
(P -1)!-1=[(P - 1)§- 1I[(P + 1)(P + 2)(P?2+ P+ 2)(P? + 3)) 
[((P - 1)§ - DLP(P? + P+ 4))((P + 1)(P + 2)(P? + P + 2)(P? + 3)] 


((P - 2)(P?- P+ 1)][P(P+ P+ 4)] 
< ((P + 1)(P + 2)(P? + P+ 2)(P? + 3)}. 


Hence the recurrence relation 


P?-P+1=0 
will yield 
(P-t)=1, 
and (P+ 1)CP* -— P+1)=0 ) 
p?-P+140f 
will give (P - 1)!#%=1 


as a sub-period. 

There is no sub-period 6. 

Proceeding methodically in this way one can enumerate all possible sub- 
periods for different values of k and p, and their corresponding recurrence 
relations. 

The following tables give all possible sub-periods, and one corresponding 
recurrence relation for each, for p— 2 and 5, and for values of k from 2 to 10. 
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ans SUB-PERIODS MODULO 2. 
(6=P-1) 
rictions k | go Sub-period | Recurrence relation 
9 | =0 — — 
3 64=86 B=1 P?+P+1=0 
one of 4 | 64=0 #=0 (P + 1)}* =0, (P + 1)?+0 
ined ia 5 Os=96 Os=])] (P§+1)/(P+1)=0 
6 | 6° = 68 a’=0 Oe te P4+ P?+1+0 
oc=1 P4+P?+1=0, P?+P+1+0 
7 6°&=0 v=1 ans wars 1)=0 
8 | oe&=0 e7=0 (P+1)?=0, (P+ 1)*=0 
6°=0 (P+ 1)*=0, (P+ 1)§=0 
ion for | 6=0 (P+1)§=0, (P+1)*#0 
and of 9 | 9%4=98 | 9s =] (P*+1)/(P'+1)=0 
10; =6 | O=d (P!°+1)/(P+1)=0, (P!°+ 1)/(P?+1)+0 
| g=1 | (Pre+l )/(P?+1)=0 
ition is 
SUB-PERIODS MODULO 5. 
(@=P-1) 
es 5 Peimasive Sub-period Recurrence relation 
period 
\ctorise | =e 
2 | =80 4=1 : P=4 
3 | 625 =6 674=1 P?+P+1=0 
4 O=6 4=1 P3+ P?+P+1=0 
| 6=1 P=2 
5 a=0 6*=0 (P -1)#=0, (P- 1)?=0 
pe, 3)) &=0 (P - 1)?=0, etc. 
7) | | e=0 (P - 1)?=0, ete. 
6 | 625 =9 624 = ] (P*— 1)/(P-1)=0 
2 + 3)). | o2=]) (P +1)(P?- o> P?-P+1+0 
nt | O*-- 1)=0, P?-P+1+0 
| Be=1 P?- ?: 1=0 
| 4=60 | P-1)(P?-P+1)=0, P?-P+1+0 
7 91737 =@ 91736 — ] (P? -1)/(P -1)=0 
8 675 =6 o%4=1 (P®- 1)/(P-1)=0 
giz=] P?+3=0 
68=9 | (P-1)(P?+3) =0, P?+3=0 
9} 92333=9 g2a2=] | (P*-1)/(P-1)=0 
10; = 925 = 4s 624 = 98 (P - 1)(P§+1)=0, (P - 1)(P§+1)+0 
: : 
: 20 — 25 _ 
le sub- ia a 
irrence J 
Sub-periods when the modulus is a product of different primes. 
onding We will confine ourselves to the case modulo 10, although the principle is 
to 10. F general. 
» 
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Suppose we have two recurrence relations : 


(1) f,\(P)=0 mod 2, 
giving Pui] 
and (P — 1)41 =(P — 1): (mod 2) 
as the sub-period, and 
(2) f.(P) =0 mod 5, 
giving Pk,=) 
and (P — 1)42=(P — 1): (mod 5). 


Then if we choose integers (mod 10) to satisfy both of 
5f (P) 0) 
(mod 10) 
and 2f.(P) of 
the integers will satisfy 
pr —] 
and the differences 
(P -1)4=(P - 1)8, 
where k is the L.c.m. of hk, and k,, B is the greater of B, and B,, and A - Bis 
the L.c.m. of A, —- B, and A, - B,. 
Hence, for example, to find the sub-periods of P4= 1 (mod 10), it is neces- 
sary to consider those of P4—1, P?= 1 and P= 1, mod 2 and mod 5. 
Taking the two sub-periods 
(P -— 1)?=0 (mod 2) and (P-1)=1 (mod 5), 
which belong to 
pr] and pr=] 
and have recurrence relations 
pr=) and P=2, 
and combining them, they give the sub-period 
(P - 1)8=(P - 1)? (mod 10) 
with the two recurrence relations, 
§P2=5 


\ 
(mod 10), 
and 2P 1f = 


These relations can be transformed into 


2P=4) 
and "ie 9f° 
To construct a numerical example, take | as the first number 4. 
Then 2PA=4A =4. 
Choose PA=2. 


From the second recurrence relation, 
P?A=9A=9 


and P34 =9PA =8. 
We have, differencing : 
l 2 9 8 
l 7 9 3 
6 2 4 8 
6 3 4 8 
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so that (P - 1)8=(P - 1). 

As a final example, take 

(1) Mod 2, P*=1, (P —- 1)°=1, recurrence relation P?+P+1=0; and 

(2) Mod 5, P*=1, (P — 1)3=1, recurrence relation P? -P+1=0. 

These combine to give : 

(3) Mod 10, P*=1, (P — 1)8=1, recurrence relations 

§6P?+5P+5=0 

and 2P?2-2P+2=0. 


From these 


P?=P+9 
Numerically, choose A =1, PA =2. 
Then P?A=PA+9A=1, 
P?A=P°?A+9PA=9. 
Similarly, PtA=8. FAA=9. 


It can be verified that these now recur, 


Differencing : 


bo 

iv) 
zx 
—] 


l 


H. G. H. 


2011. The evaluation of (a,b; ¢; 1). 
Detailed analysis relating to the hypergeometric function I’(a,b; ©; 2) 
depends on the evaluation of the function when z= 1, and this is effected 
easily by means of the recurrence 
(c — a)(c — b) 


"(a,b;e+13 1), 
c(e—a-—b) sh cada 


F'(a,6;c¢;1) 
for the limit of the hypergeometric factor is unity. The purpose of this 
Note is to point out that the recurrence itself is quite trivial. 

Writing as usual (a), for the product a(a + 1)(a+ 2)... (a+n-— 1), we have 
identically 
i. at ) k c l k 
Mee (deed (e+ Wy? (e+ De (C+ Deer (e+ De 
ind therefore, provided only that the series are convergent, 
C—(a+b)cHhF (a,b6;c;1)-F(a,b;¢+1; 1)} 
(a),(6), f (a+1)(b+1)-ab) (a).(b),{ 2 (a + 2)(b+ 2) — ab) 
n  @4+l, ; : pee (+1), J 
=abF (a,b;c+1; 1). 


It is true that this proof is suggested by the form of the result, but this is 
equally true of the impressive proofs in our books. EK. H. N. 
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2012. Note on an electrostatic problem. 

1. The use of complex conjugate functions as a means of solving electro. 
static problems in two dimensions is well known, and is effective in many 
cases. In some books * a formula is quoted which purports to give the equi. 
potentials of an electrified curve, provided that the coordinates of a point on 
the curve can be put in parametric form. If the given curve is x=f(p), 
y=¢(p), f and ¢ being functions of the real parameter p, the equipotentials 
are the curves corresponding to v= const. in 


BAU tM). casaiseacisivnedexinaiecuswiannsswuaorees (1 


where z=x+ iy, w=u-+iv, the given curve itself corresponding to v=0. But 
an attempt to find the equipotentials of the sinusoidal curve x = p, y =a sin bp, 
by this method fails. 


2. The reason for its failure is the presence of singularities in the trans. 
formation. This statement is not obvious at first sight, for f and ¢ are integral 
functions in our example, but we must remember that the relevant singu- 
larities are those of the function F(z), where w= F(z) is the inverse form of 
z=f(w)+id¢(w). The transformation does, in general, solve some electrostatic 
question, but it is not possible to say in advance what question, because we 
do not know what singularities will appear in the inverse function. 

3. The singularities of (1) occur at the points where dz/dw vanishes or 
becomes infinite. In our particular case, 

z=w+iasin bw, 
the solutions of dz/dw=0 are 


= (Se+ DelZe, mek Ge (— PT ab, «6.5. ccccccscceseccess (2 


and there are no finite points at which dz/dw becomes infinite. If v,, — v, are 
the solutions of (2) when n=2m+1, 2m, respectively, then the singularities 
of the transformation occur at 

x= (4m + 3)7/2b, y=v,-acosh bv, 
and x=(4m+1)7/2b, y= —v,+a cosh br. 

4. It can be proved that these points are branch points. Also, since the 
points are solutions of dz/dw=0, the surface density is infinite at them. Con- 
sequently, when there is an equipotential which either (i) joins two branch 
points and terminates at them, or (ii) passes through a number of branch 
points and ends at two of them, we may consider this equipotential both as 
a branch line and as a conductor. (A consideration of the form of the trans- 
formation near a branch point shows that in the region of validity, the shape 
of such a conductor is compatible with infinite surface density at the branch 
point.) Hendée the transformation solves the problem of a certain system of 
conductors, the region of validity being determined by the branch lines (or 
conductors). 


5. Half the branch points lie on the equipotential 
1 ' 
r= U-> cos bu, y=v,+asin bu cosh by,, 
and the other half on 
1 ; 
T=U +; COB bu, y= -—v,+asin bu cosh br. 


It is easy to see that the transformation is valid between these two curves, 
but not beyond them. Thus, we set out to find the equipotentials of 4 


* See, for example, Jeans, Electricity and Magnetism, 5th Edition, (C.U.P.) 1943. 
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sinusoidal curve and discover, instead, those inside a condenser with curved 
plates. 

6. The above is exactly analogous to the lens problem in electron optics 
where the axial potential distribution is known and the electrode form deter- 
mined by analytic continuation—the continuation being limited by singu- 
larities. (Cf. Plass, J. App. Phys., 13, 1942, p. 49, dealing with the case of 
minimum spherical aberration.) D. 8S. JONEs. 


2013. The nature of a non-static field of positional forces permitting only 

plane orbits. 

A non-static field of positional forces per unit mass is given by X, Y, Z as 
functions of x, y, z, tin the usual notation. YX, Y, Z and their derivatives are 
supposed to be finite, single-valued and continuous throughout. The usual 
equations of a test particle in the field are 


Aa eee enc eacr Ome (1) 


What are the restrictions on X, Y, Z if the orbit of the test particle is com- 
pelled to be plane? The present note provides an answer to this simple 
question. 

If s denotes the distance of the position of the test particle from some fixed 
point on its orbit at time ¢, 


w=X, y 


dx dy dz | 
ds ds 0 a (2) 
d*x d*y d2z 
ds* ds? ds? 
| d®a d¥y d*z 
ds* ds* ds® 





where x and 7 are the local curvature and torsion respectively. It readily 
‘ollows that if the orbit is to be plane, we must have everywhere on it 
i 





S £8 £190 semmimmnmren (3) 
<a = | 
le y 2 | 
le y 2] 
This reduces to 
A a7 a a AV aV AV AVY 
ze ¥(F 0 Sy Yo aS a+ ssl ee | 
Ox Cy” oz ot Cx Cy oz ot 7) 


The last equation can be valid at any point of the field for arbitrary values 
of 2, y, 2 only if 


oZ oY ox 0Z oY ox 
P ewe = fy —— = 0), ‘j - —-—-X —=0Q, X - rT —_— =(), eeeeeeeee 5 
|" *% a "a" a (9) 
0Z oY ox oZ oY ox 
r7__ _-Z__=0, Z—-X—=0, X —-Y — =9, ......... 6 
. Ox . Ox %. 2% oy . oy x 4 oz : oz (6) 
Oy, oY 0Z D4 
eg hg Sig te 
oy oy ox ox 
ox 0Z ox oY 
Z—-X—-Y —+X SD) cacceaiccieseewanceaent 7 
. oz .s a *s (“) 
oY ox oY eZ 
X = P = @4 : = (0. 
at tial “Sik “tied 
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From (5) and (6) the forms of XY, ete., are inferred : 
X/Y=060(z,y), Y/Z=¢d(y,z), 2/X=(2, 2), 
which are mutually compatible if 


X=Pf(x), Y=Paly), Z=Ph(z), P=P(e,y,% t)y cccccccece (8 


f,9g,h and P being arbitrary. But equations (7) now give us 
df dq dh 
da dy dz 


Hence SME ag DN TRA RE ae: cco ccsadecesanncesctes (10 


where A, €, €2, €, are arbitrary constants. To this class of forces belong those 
derivable from a potential function of the form 


where r is the distance of the current point from a fixed point. Va Ve 


2014. Joachimsthal’s Theorem. 


In 1843 Joachimsthal proved that if the normals at four points on an 
ellipse are concurrent, three of the points are concyclic with the point on the 
ellipse diametrically opposite to the fourth. A generalisation was given by 
H. F. Baker in his Introduction to Plane Geometry (Cambridge, 1943), p. 157. 
The four points may be the intersections of the ellipse with any rectangular 
hyperbola whose asymptotes are parallel to the axes of the ellipse, and it 
need not pass through the centre as Apollonius’s hyperbola. Two simple 
remarks follow from this. 

Firstly, if we prove the theorem by parameters, observe that three of the 
points are left unaltered, and only the fourth is changed. The parametric 
proof takes its simplest form by regarding three of the parameters as roots 
of a cubic. Let the parameter be the tangent of half the eccentric angle, and 
let B, yo be roots of the cubie a* pur + qu-r=0. Then «, B, yY> 6 are ona 
rectangular hyperbola of the prescribed type if 


a(p—fr) ] - qs 
and ~’, B, y, 6 are coneyelic if 
a’ +p=a'qtr. 
The conditions are identical if ««’ + 1= 0, or if the points «, «’ are diametrically 
opposite on the ellipse. 

Secondly, régard Baker’s absolute points (the circular points at infinity) as 
two arbitrary points A, B. Then the projective form of the theorem, stated 
n full, is that if P, Y are the points in which AB meets a conic EL, and RP is 
any conic through the double points P’, Q’ of the involution determined by 
AB and PQ (i.e. the two points harmonic with respect to both AB and PQ), 
the points «’, B, y, 6, A, B lie on a conic, where «’ is the fourth harmonic on £ 
of « with respect to P and Q. If y and 6 are now projected into the circular 
points at infinity, # and R become circles, and we have a theorem on circles 

that the points A, B, «’, B are concyclic—of which the figure need not be 
given. If this theorem is inverted with respect to B, the circles / and R 
become straight lines, while the line AB =1 becomes a circle (see figure). We 
know that the point of intersection of the tangents to 1 at P’ and Q’ lies on 
both AB and PQ. The point x’ is the fourth harmonic of « with respect to 
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Pand Q. Hence «’ must be precisely the point of intersection of the tangents 
at P’ and Q’. The theorem is now that A, B and «’ are collinear, which is 








obvious. Baker's generalised theorem is thus easily transformed into the 
ordinary property of pole and polar for a circle. W. G. HAMFLETT. 


2015. A note on the diophantine equation z*= x? + y?. 

If we suppose that 2 and y have no common factors, it is easy to show that 
zis odd, and that one of 7 and y is even, the other being odd. Let y be even 
and w odd. 

We shall show that for any given odd value of a, 

USMS = Th SAB): ccnccccns eebaween Sasece .(1) 


GCS2AGE WS, SRPVIRZ. ncvsaysasas iviaipisigiahisebaeeaenrent (i1) 
Consider the identity 
[2n(n+ 1) + 1]?=[2n(n + 1]? + [2n + 1]2. 
This shows that for any odd value of x, there exist integral y, and z, where 
"= 4(2* — 1), 29=4(x?+ 1), 29 — Yo=1, which satisfy z? = 2? + yi. 


Now suppose that there are other values y, and z, which satisfy z{ = 2? + y. 


to 


Then (zo — Yo) (Zo + Yo) = 2? = (21 — Yi) (21 + 1) 
That is, Zo + Yo= (21 — Y1) (21 +91) 
Now if ¥, >%, then z, >z2,, and therefore 
Zo + Yo< (21 -— Yi) (21 + Y1)5 


which gives a contradiction. Hence y,<¥Yp and z, <2. 

To obtain the least values of y and z, we know that the least possible value 
zcould take is 2 + 2, as both x and z are odd. If we put «=2m-—1,z2=2m+1 
in z?-a? + y*, we easily arrive at the condition m= }p?. Therefore 7 is even. 
Let p=2n. Then 2=4n?—1, y=4n, z=4n?+1. That these values of x, y 
and z satisfy z?= 2x? + y? is easily seen from the identity 


[4n? + 1]?=[4n]? + [4n? - 1]?. 


It is obvious that for fixed 2, the least value of y is obtained when z is least. 
Hence y>2(a+1)#, z>a+2 R. S. F. GooNEWARDENA. 


ae 


2016. A broken stick. 

It is shown in various ways in works on probability that if a rod is broken 
into three pieces the probability that a triangle can be made of them is }. 
The corresponding problem for breaking into n pieces is to find the probability 
that no one of the n pieces exceeds the sum of the rest, so that a polygon of 
nor fewer angles can be made out of the n pieces. 
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Of references that I have seen to the problem for more than three pieces 
one is in C. Smith, Algebra, Examples LXI, No. 16, in which the problem 
is set for four pieces. The answer given at the end of the book is }. It is 
not clear how Smith intended this example to be tackled, as his chapter on 
probability does not deal with continuous probability at all. 

A method is given below for four pieces and extended to n pieces. 

Suppose that the rod is of length @ and the lengths of the four separate 
pieces in a particular break are xz, y, z, w. Then if this break is to satisfy the 
condition, it is necessary and sufficient that the length of each of the pieces 
should be not greater than half the length of the rod. If z, y, z are taken as 
axes of coordinates in three dimensions, all ways of breaking the rod are 
represented by points inside and on the tetrahedron formed by the coordinate 
planes and the plane x+y+z-a. The points representing ways of breaking 
which satisfy the condition are represented by points inside the volume 
bounded by the planes x= ja, y= 4a, z= 4a, r+y+z=}a,r+y+z=a. If A, 
is the point on Ox such that OA, =a, A,’ the point on Ox such that OA ,’ = Ja, 
A, the point on Oy such that OA,=a, and so on, B,, the midpoint of 4,4, 








Zz 
Az 
A's 
Bis ' 
o% “Me % Az 
y 
Bi2 
A, 
z 


and so on, then the points not satisfying the required condition lie within 
the tetrahedron OA ,’A,’A,;’, or within the three equal tetrahedra, on each 
axis, such as A,’A,B,,B,;. The volume of the tetrahedron representing all 
ways of breaking the rod is a*/6, and the volume occupied by the points not 
satisfyi ing the condition is 4a3/48, hence the required value is 


1 —(4. 6/48) =} 


In the case of breaking into n pieces, we have a figure in n — 1 dimensions. 
The volume of the polytope including the points representing all ways of 
breaking the rod is a"~!/(n-1)!. The unfavourable ways are contained in 
n polytopes, one at the origin and one on each axis, as in the three-dimensional 
case, the volume of each of these being a"~1/2"—!(n — 1)!. Thus the required 
probability is 

1 —2/2*—", 


For n=1, n= 2, this gives the correct probability zero ; for n=3 and n=4 
it gives the weheien 4 and 4 respectively. G. A. BULL. 
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REVIEWS. 

Art and Geometry. By Wriiiam M. Ivins. Pp. x, 135. $3. 1946. 
(Harvard University Press ; London, Geoffrey Cumberlege) 

This book is about Greek art and Greek geometry. It is doubtful whether 
it could or would have been written by an expert in either subject, for its 
approach is essentially from outside. It is concerned not so much with the 
scope as with the limitations of Greek work and with a study of these limita- 
tions as a pointer to the basic intuitions of the Greeks. In a word, the thesis 
is that the Greeks were governed by tactile, not visual, intuitions, and that 
this is equally evident in their art and their geometry. 

Mr. Ivins begins, very sensibly, by being an expert in another branch of 
art altogether ; and, perhaps less fortunately, by not being a mathematician 
at all. He is Keeper of Prints at the Metropolitan Museum, New York. 
Approaching the matter with his own standards of connoisseurship, as well 
as with a refreshingly American way of expressing himself, he enjoys poking 
fun at people who criticise works of art which neither they nor any other 
living person have ever seen; or who accept opinions about Greek artists 
based on casual references by writers who lived centuries afterwards ; or 
who date and attribute Greek works of art with what, in any other field, 
would be considered astounding assurance. It must indeed be admitted that 
writers on Greek art are prone to use such terms as “ absolute perfection ” 
ina way which suggests that they have taken over an existing tradition, 
formed perhaps before the time when Greek art became known to us at first 
hand. Too often, especially when speaking of Greek painting, they have to 
fall back on such statements as: ‘‘ Fortunately the traveller Pausanias has 
left us a careful description. ...’? One cannot but agree with Mr. Ivins when 
he says that ‘* nothing is more meaningless than conventional abstract words 
of praise or description which have been separated from the objects to which 
they were originally applied ”’. 

Much of what he says is sound commonsense, enlivened moreover by some 
quite delicious asides, some of which must be quoted. Thus : 


“Stylisation means that your ‘ hair-do’, your ‘make-up’, and your 
costume have become so very important to you that you don’t do things 
that muss them up. There is nothing quite so mussy as real emotion or 
action.”” 

“How charmingly Greek it would be if scholars read fewer books and 
attended more prize fights.”’ 

“One sometimes is sure that few archaeologists waste time thinking about 
Cleopatra’s nose.” 

“ As by definition, the hall-mark of ‘ idealised ’ and ‘ ennobled ’ representa- 
tion is vacuity. This is the common ‘ stuffed shirt ’ quality of most official 
portraits, ancient and modern.” 

But in complaining of the lack of individuality of Greek ‘ portraits ’’ he 
makes less than due allowance for the fact that they were never intended to 
be portraits in the modern sense ; and the absence of emotional and dynamic 
stress in the representation of moving figures may not be so much of a fault 
as he supposes, for relaxation is a characteristic of physical expertness. It 
may be true that no discus thrower would imitate the celebrated Discobolus ; 
and if physical perfection were the aim, one might have expected the Greek 
artists to have taken more interest in animal life. But if the artist’s real aim 
8 to represent the noble mind, or perhaps we should say, in modern termino- 
logy, the perfectly coordinated and uninhibited mind-cum-body, then a 
certain absence of stress is surely one of the characteristics to be expected. 
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But, when all is said and done, the writer is on safe ground in pointing 
out that the Greek artists, whether from inclination or necessity, had certain 
limitations. Their architecture never developed beyond what Mr. Ivins calls 
“the realm of simple addition ”’ ; their statues did not in general show either 
personality or emotion ; and their painting certainly did not show any true 
perspective. And while they sometimes produced a harmonious grouping of 
figures, in the decorative sense, they seldom or never achieved a group co- 
ordinated by a something greater than the figures themselves. 

All this suggests tactile intuitions, whereas a visual intuition would have 
led more naturally to a greater degree of coordination and to a study of per. 
spective. The sense of touch enables us to consider a number of objects in 
succession, but only through sight can we grasp their relationship to one 
another. 

What, then, of Greek geometry? The propositions indeed are general (just 
like the statues) and they are related to each other deductively, but it is rare 
to find an individual theorem deduced from a more general proposition. The 
Greeks would never have recognised the various special cases of Pascal’s 
Theorem as being examples of one general theorem. They could not see a 
figure changing its shape and merging into another. Thus even Apollonius 
never recognised the line-pair as a conic section, and although he knew that 
an oblique section of a cylinder was an ellipse, he could not think of a cylinder 
as a limiting case of a cone. Above all, they missed the idea of points at 
infinity, for their geometry was firmly anchored by the essentially tactile 
notions of congruence and parallelism. 

Mr. Ivins stresses the nearness of some of their misses, and also the fact that 
further development only took place in the seventeenth century, soon after 
the Greek texts had become available to people whose intuitions were of a 
different kind. He describes the background of this development, beginning 
with Alberti’s essay on painting and perspective, and continuing with the 
ideas of Cusanus and Kepler on the continuous modification of geometrical 
figures. Then follows an account of the work of Desargues and Pascal, and 
a reminder of the nearness of Euclid’s “* Porism ”’? to Desargues’ Theorem. 
He concludes by pointing out that the great developments in geometry and 
perspective have always been synchronised with great developments in art: 
an idea well worth thinking over. E. H.L. 


A handbook on curves and their properties. By R. C. Yates. Pp. x, 245. 
$3.25. 1947. (Edwards, Ann Arbor) 

Mr. Yates, of the U.S. Military Academy, is the author of a recently 
published book entitled Tools, a Mathematical Sketch and Model Book, warmly 
and properly recommended in a review in the Gazette (July, 1947, p. 186). 
This new volume is equally to be commended to students and teachers of 
elementary calculus and geometry, and should be put into the school library 
at once. 

Those who have a sneaking affection for the sections on curves in Edwards’ 
Differential Calculus will find here all their old friends (and may make new 
ones) from the Astroid alphabetically onwards to the Witch of Agnesi, though 
some readers may experience a twinge of regret over the footnote to the 
section on the Witch, wherein we are reminded that the alluring name is 
probably merely the result of a mis-translation. Each curve is dealt with 
separately, generally under the section headings of description, equations, 
metrical properties, general items, bibliography. Proofs are not supplied 
for the simple results, or for those immediately deducible from general 
formulae, but brief outlines are given for the proofs of more complicated 
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properties. The diagrams, 211 in all, are almost always clear and helpful, 
the author having shown a nice sense of judgment in selection of detail. 

Although the book is primarily a reference book for curve properties, much 
information relating to curve tracing has had to be included to make it self- 
contained, and a list of those sections which deal with curve-tracing in general, 
rather than with special curves, is given for convenience of reading. 

Teachers of mathematics are obliged to be snappers-up of trifles: Mr. 
Yates will help them. Here are two examples: ‘“‘ In 1891, the dome of the 
Royal Observatory at Greenwich was constructed in the form of the surface 
of revolution generated by an are of an involute of a circle”; and, under 
“Pursuit Curve’, *‘a much more difficult problem ...is that where the 
pursued particle travels on a circle. It seems not to have been solved until 
1921 (F. V. Morley and A. 8S. Hathaway).”’ 

The book is a good example of lithoprinting, and is neatly bound. 


T. A.A. B. 


Chambers’s Four-figure Mathematical Tables. Ly L. J. Comriz. Pp. 64. 
Limp cloth, 5s. ; boards, 6s. 1947. (Chambers) 

Dr. Comrie’s latest set of tables puts us all still further in debt to the out- 
standing computer of our time. This is no mere catch-penny volume, intended 
to cash in on the steady demand for simple four-figure tables, but a carefully 
thought-out book which should encourage the proper use of good tables. 
Naturally for such use the tables must be understood, and the lazy person 
who is not prepared to make some little effort to master the principles will 
no doubt complain that the auxiliary tables serve only to make life com- 
plicated ; but the small amount of work required to make the auxiliary 
tables familiar will be repaid many-fold by the precision to be attained by 
their employment. ; 

The main contents are: logarithms and anti-logarithms, natural and 
logarithmic circular functions, powers, exponential and hyperbolic functions. 
The inverse hyperbolic functions have been excluded, but obviously we can 
not have everything in 64 pages. Almost every page contains auxiliary 
tables, explanatory matter, helpful formulae. It is in these that Dr. Comrie 
gives us the little bit extra that the others haven’t got. 

In most cases, interlinear differences are provided, so that ordinary require- 
ments can be met by linear interpolation. Great care is taken to deal with 
functions which tend to infinity, so that we are never met with the discourag- 
ing remark, “ Differences here cease to be sufficiently accurate”. It is 
impossible in a short review to mention all the helpful material to be found, 
and we must content ourselves with recommending all interested to get 
copies and to study them with care, so that, for example, critical tables are 
not dismissed as a computer’s fad, but are given the two minutes of study 
which will enable anyone to use them freely. 

The printing work is excellent, and by avoiding too many “ rules ”’, and 
by carefully-planned spacing between digits and between lines, the pages do 
not appear heavy in spite of the large amount of matter each carries. . 

We can warmly welcome this ** deliberate attempt to raise the standard of 
four-figure mathematical tables used in the highest school classes, and in 
technical colleges and universities ”’. T. A.A. B. 


> 


Logarithmic and Trigonometric Tables. By J. 1. Dae. 2nd edition, re-set. 
Pp. 42. 2s. 6d. 1947. (Arnold) 

Dale’s tables, first published in 1903, have run through many reprints, and 
now appear in a re-set form. They are established favourites for five-figure 
tables of logarithms, anti-logarithms, natural and logarithmic circular func- 
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tions. It is, however, high time that books of this type should include as a 
matter of course some tables for the exponential and hyperbolic functions, 
and we regret that the opportunity of a second edition has not thus been 
utilised. 4.4.5 


The Junior Draughtsman. I. II. III. By F. Goopyear. Pp. 54, 54, 52. 
2s. 6d. each. 1947-8. Teacher’s Handbook. Pp. 20. 2s. 6d. 1948, 
(University of London Press) 

These small books are intended to supply a three-year course in technical 
drawing, and appear to be admirably suited to this purpose. Book I is 
introductory, starting with hints on drawing, and is mainly concerned with 
giving practice in the use of instruments; the novice will learn to draw 
lines and angles, to use ruler, set-square and compasses, to draw to scale and 
on squared paper, and—an important but neglected matter—he should 
acquire some skill in lettering. Book IT deals with geometrical problems of 
familiar type, ending up with plan and elevation. Book III deals with see- 
tions, various projections, including the isometric, developments and. inter- 
sections, and with some special curves, such as the ellipse, the spirals, and 
involutes. The T'eacher’s Handbook contains much valuable comment based 
on the author’s own wide experience. The new secondary school should find 
these volumes of considerable value. The diagrams are clear, and the hints 
in the text are adequate and expressed in simple language. 

Apart from its value to the embryo draughtsman, the book would have an 
appeal to many pupils in secondary schools, in connection with their Stage A 
and Stage B geometry. T. A. A.B. 


Mathematics for the Modern School. I. By T. H. Warp Hiti. Pp. 246, 
24. 6s. 1947. (Harrap) 

The percentage of 11+ children who go to the Grammar School varies from 
district to district and may be put at 20°,. At the other end of the scale 
some 10°, of mentally deficient children go to Special Schools. Most of the 
rest, with their widely varying ability, enter the Modern School. The diffi- 
culty of devising a course in mathematics suitable for all is obvious. A 
number of Modern Schools, and not a few, are imitating the Grammar School 
and are working on courses for the School Certificate Examination. This is 
merely an evasion of the problems which have to be solved and is a confession 
of failure. The problem of mathematical education in the Modern School 
must be approached from an angle very different from the academical course 
implied by the School Certificate Examination. The development of a suit- 
able course calls for enthusiasm and experiment, and is a challenge to which 
many Modern School teachers will respond. In this development Grammar 
School and Technical School teachers are capable of making important con- 
tributions because the background acquired in teaching children from 14+ 
is very valuable. This background is far from complete with those who have 
not taught beyond the 14+ stage, and an intimate knowledge of the subject 
as a whole 4s needed for the successful teaching of any part of it. This book, 
which is written by a Grammar School teacher, is therefore worthy of careful 
study. 

It is, perhaps, not sufficiently realised how big a part mathematics plays 
in everyday affairs ; the man in the street comes into contact with mathe- 
matics in many ways. It is around these contacts that mathematical educa- 
tion in the Modern School should centre. The author of the book under 
review seems to thoroughly understand the importance of these facts and 
has tackled the problem with skill and much success. 

Frequently, textbooks abound in long sets of examples with a dull same- 
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ness throughout, and this has done much to make the subject disliked. It is 
essential in mathematics for the pupil’s interest to be stimulated and for his 
brain to be active. For this reason, monotony should be avoided. Here, 
also, the author has come through the test successfully. He has avoided long 
strings of mechanical examples (perhaps too much so) and has introduced 
variety. Problems which have a bearing on everyday life permeate the book. 

The author assumes no knowledge of fractions or decimals. The book 
starts with revision of elementary processes, and even includes sets of examples 
in addition of easy numbers. The arithmetical part of the book includes 
averages, an introduction to graphs, the area of a rectangle, the Metric 
System, and decimals as far as addition and subtraction ; it also deals with 
fractions, L.C.M. and H.C.F. The methods used in multiplication and 
division of money and compound quantities are not altogether satisfactory. 
In multiplication, experiments have proved that the ‘‘ wholesale ’’ method 
is the best (Ballard in T'eaching the Essentials of Arithmetic and Webb in the 
Mathematical Gazette, Oct. 1940.) The author does not even mention this 
method, but uses the inferior ten-ten method. In division he gives, as an 
alternative method, the method of factors. This, with its pitfalls, should be 
avoided. It is a misuse of Practice to use it to evaluate £3 14s. 74d. x 365 as 
the author does, and this is all the more true in a Modern School. 

The author’s reference to the origin of ‘ ounce” is not quite correct. As 
with “inch”, it comes from the Latin ** uncia’’ and means a twelfth. The 
author’s use of everyday occurrences is good, but nobody uses a bicycle with 
wheels of circumference as large as 108”. There is an error in Fig. 44 illus- 
trating that %=%, and two of the sketches are in the wrong columns. A 
rather serious error occurs on page 194 (repeated on page 196), that “1 litre 
= 1-06 qt.=1,y qt.”. The answers to the relevant examples are also wong: 
This error should be corrected at the earliest opportunity. 

The book deals with the beginnings of geometry and develops the subject 
as far as the angle sum of a triangle. There are interesting applications, 
such as the drawing of designs and the use of the triangle in making rigid 
structures (a fact I have looked for in vain in other elementary geometry 
books). Some of the elementary ideas might have received fuller treatment. 
More might have been done with right angles, nets, designs and direction. 
The explanation of horizontal as the direction of the arm of a balance with 
equal weights in the pans is not good, and nobody could weigh things with 
the balance illustrated on page 44. 

Many of the exercises contain anything up to 10 or more parts, and it 
would have helped if these had been subnumbered. Although some of the 
sets of examples appear to be very short, there are frequent revision examples 
at all stages with questions on all the previous work. Also, at the end of the 
book there is a full and lengthy section of ‘‘ More Practice Exercises ”’ deal- 
ing with all parts of the book. 

The work'‘will probably consist of three parts, so that it is not as yet possible 
to view the work as a whole. Nevertheless, it is clear that Book I does not 
merely consist of bits and pieces. There are all the signs of design and careful 
development and that the work, when completed, will hang together as a 
whole. The book is excellently printed and well bound, and the diagrams 
are good. S. F, 


General Mathematics. IV. By C. V. DureLi. Pp. xl, 296, xxxvi. 6s. ; 
without answers, 5s. 6d. 1947. (Bell) 

This is the final volume of the course. It starts with Indices, Surds, Pro- 
perties of Logarithms, Compound Interest, and the other three trigonometrical 
ratios. In the second section there is some miscellaneous arithmetic, followed 
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by the angle bisector theorem, proved at first by trigonometry. In simple 
series there is inserted a first section on the formation of series, obeying any 
general law, before the orthodox treatment of Progressions. Trigonometry 
of the general angle follows, and this includes a useful graphical section, with 
the solution of some trigonometrical equations. A formal treatment of 
Similar triangles and Arithmetical approximations complete this section. The 
last section of the book starts with the rectangle properties of the circle, very 
late in the course for such useful properties. Areas of similar figures might 
well have followed directly, but a chapter on Shares and Stocks is inserted 
first. A section on equal arcs leads up to a treatment of circular measure 
and some approximations to ratios of small angles. The last chapter presents 
some new work on general algebra, including a treatment of gradients from 
graphs, and by calculation, and their application to finding speeds and maxima 
and minima. The book concludes with miscellaneous examples in each of 
the four subjects separately, and then miscellaneous papers. 

The volume is again, except for the last two chapters, almost entirely a 
rearrangement of Mr. Durell’s previous textbooks. It does in consequence 
appear rather disjointed, and the chapters do not run on to form a continuous 
course. This first attempt at a complete general course has not given any 
‘striking new presentation. Geometry in particular seems to have lost by a 
too early resource to logical proof, and a rather late presentation of some 
facts. The idea of a general course clearly needs further research, and Mr. 
Durell has given a lead. K. 8.8 


Algebra. (For the use of higher forms in schools and university students.) 
By A. Pace. Pp. 346. 18s. 1947. (University of London Press) 

This book cannot fail to provide a real inspiration to students of algebra, 
whether in schools, universities, or as teachers. Its author must be a man of 
encyclopaedic knowledge, and untiring capacity for research into all branches 
of science and engineering, since the book abounds in examples taken from 
life and with data obtained from experiments of all kinds. It is therefore 
clearly eminently suitable for scientists and engineers, but it is also suitable 
for the mathematical specialist, since the author’s research extends to the 
history of mathematics, and the development of the subject and the treat- 
ment is likely to create enthusiasm in any keen student. 

The method followed is unusual for a book of this standard. Questions to 
be worked by the student lead up to formal bookwork, which in turn is im- 
mediately followed by examples applying the knowledge gained. 

The first chapter on Progressions is enlivened by sections on musical scales, 
number systems with different bases, payment by instalments, annuities, a 
fair sample of the width of application which abounds throughout the book. 
Variation is included under the more general heading, ‘‘ Laws of connection 
between two variables’. Here the author has scope, and his examples in- 
clude quotations from Jules Verne, the Lancet, Whitaker frequently, British 
Association reports, Huxley, and apply to electrical theory, biology, ete. 

He follows with functional notation, partial fractions, and theory of equa- 
tions. In the last he deals with symmetric functions of roots of equations 
up to fourth degree. In his chapter on Permutations he has a treatment of 
Probability, well within the capacity of all likely readers, and including a 
short section on the Mendelian Theory of Inheritance. 

For finite series he proves the Binomial Theorem, and bases most other 
summations on the results of summing the squares and cubes of natural 
numbers. He uses the method of differences, and he obtains a coefficient of 
correlation, for the use of which he gives suitable examples. He has an 
interesting section on deductive and inductive reasoning. 
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His introduction to infinite series is by paradoxes, showing how they may 
be used and misused. He investigates convergence, not in great detail, but 
establishes d’Alembert’s test. He uses the method of differentiating infinite 
series to obtain others, but is careful to state the assumptions he makes. He 
gives also two proofs of the Binomial Theorem by Calculus. His chapter on 
Logarithms seems to interrupt this section, and might well have been placed 
earlier. Also he spends undue time on logarithms to base 10, but he does 
give for those interested various methods of constructing tables. Reverting 
to power series he establishes the method of Maclaurin for finding expansions, 
but without any consideration of the remainder. 

Complex numbers are introduced by a history of the number system. He 
shows their value for trigonometric results, and for integration, again going 
outside the normal scope of an algebra book. 

So far there has been an orderly development, and it would appear that 
the book should be read in the order given. The last two chapters might be 
taken earlier if the student wishes. It is fitting that a book of this nature 
should have a good chapter on Statistics, though many statistical ideas have 
appeared throughout the book. Here the author deals with frequency curves, 
giving a proof of the equation for the normal frequency curve. He includes 
Means, Standard Deviation, Correlation. The final, and rather short, chapter 
is on Determinants, showing the normal methods of expansion, their use in 
equations, and the method of multiplication. The only excuse for such a 
chapter being at the end is that it is prominent, and the student can read it 
when he needs it. 

The collection of examples must be unique, and be of greatest value to the 
teacher who is looking round for practical applications of his subject. Each 
chapter has a long set at the end, as well as those interspersed liberally 
through the chapter, and there are 58 revision papers in three groups. There 
are a good selection for all types of students, including good theoretical 
questions for the mathematician. The specialist may in a few places wish 
vhat proofs had been more thorough, but all assumptions are stated clearly. 
For such students the book would provide an excellent antidote to the more 
theoretical type of book, since it gives him so much information on the 
development and application of his subject. The scientist may find rather 
more than he needs, but it should be invaluable to him. In particular the 
biologist, who has so little time for mathematics, should be encouraged to 
read at any rate parts of the book. To any serious student the book cannot 
but be inspiring. K. 5. 8. 


Probléme Générale de la Stabilité du Mouvement. By A. LIAPpouNorr. 
Annals of Mathematics Studies, No. 17. Pp. 272. 20s. 1947. (Princeton 
University Press ; Geoffrey Cumberlege, Oxford University Press) 

On the general problem of the stability of motion of a dynamical system, 
one of the most important memoirs is that of Liapounoff, which was published 
in Russian in 1892 by the Mathematical Society of Kharkow. This was 
subsequently translated into French by E.: Davaux and published in the 
Annales de Toulouse (2),9 (1907), pp. 203-474. 

Of recent years, there has been a revival of interest in what is often called 
Non-Linear Mechanics (though nearly all non-trivial mechanics is non-linear), 
a subject in which Liapounoff’s work is fundamental. It is probably for this 
reason that the editors of the Annals of Mathematics Studies have made the 
memoir more generally available by issuing the excellent photo-lithoprint 
reproduction of the Toulouse version, at present under review. B.. EC. 
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CORRESPONDENCE. 


To the Editor of the Mathematical Gazette. 


Srr,—May we, as publishers of Algebra for School Certificate and Matricula. 
tion, by L. Herman and C. Ross, protest most vigorously against the review of 
this book recently published in your pages over the initials K.S.S.? We are 
not concerned with K.S.S.’s expression of opinion, but we feel bound to draw 
your readers’ attention to the misleading nature of many of his statements. 

(1) K.S.S. writes : ** There is a mention of a problem in the first paragraph 
of the book. . . . It is not till chapters nine and ten that Simple Equations and 
Problems are introduced.”” And again: ‘... the examples for the pupil only 
refer to any practical application twice in the first nine chapters.’ In fact, 
the exercises of Chapters III and V contain some 275 questions, the large 
majority of which are practical applications and problems. 

(2) K.S.S. writes: ‘* There occur in the same chapter [i.e. Chapter IX} 
zr+m x-2l+m,, The 
Ka: = 
first example is No. 25 in Exercise 9a, which contains 75 very simple equa- 
tions. The second example does not, as far as we are aware, occur in the book 
at all; but one like it is No. 28 in Exercise 9e, and is the last example but two 
in a series of five long exercises containing in all 250 examples. Similarly, 
2b(J2e 
bee 
exercises of Chapter I: he does not say that this is the 279th example out of 
289. Surely the end of a long chapter is the obvious place for examples suited 
for the bright pupil, who after all does exist. K.S.S. notes ‘* long complicated 
examples on removal [of brackets] ”’, but fails to note that there is also an 
abundance of examples that are neither long nor complicated. 

(3) Part II. ‘* Factors occur in two chapters ”’, writes K.S.S., omitting to 
state that their application falls in at least five other chapters of Part II as 
well. ‘‘ Complicated examples, such as ‘ factorise 9m? + n? — 6m — 2n + 6mn +1, 
occur in the first chapter.’’ The chapter in question is XIV, the fourth in 
Part II. The ‘ complicated example ”’ selected by K.S.S., in accordance with 
his established technique, is number 57, the last but one of Exercise 14e and 
the 240th in a series of 360 examples, which include a number on the applica- 
tion of factor methods to arithmetic expressions. When K.S.S. says that 
‘“ there is no mention of why factorisation is needed, e.g. for simplification of 
complicated Arithmetic expressions or solving equations ”’, he is simply 
ignoring whole stretches of the book. 


We are, Yours faithfully, W. & R. CHamBeErs L7. 





examples as different in difficulty as x +3=6 and 


K.S.5. singles out ** when a = 5, etc.” as an example of the manipulative 


To the Editor of the Mathematical Gazette. 

Srr,—I have read the above let «i, and looked carefully at the review, and 
at the book, and cannot feel that I have been misleading. I consider my 
choice of examples fair, as I have quoted three from early in chapters, and 
three late. I apologise for a misprint in one, in which the figure one was 
printed for the letter 1. Yours etc., K.S. SNELL. 


PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD. 
THE UNIVERSITY PRESS, GLASGOW 
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ORIGIN OF THE MATHEMATICAL GAZETTE. 
| ie 1881 the Association for the Improvement of | the methods of other teachers that the Association owes 
Geometrical Teaching widened its basis so as to | its continued existence. In the hope of carrying out 
include all branches of Elementary Mathematics and | more fully that part of the 1881 programme which |i 
Mathematical Physics, though it retained its restricted | been found most practicable the present journal has 
name. The following means of carrying out the objects’ | been published. 


of the Association were indicated in the Report of the It cannot be doubted that many teachers are in pe 
Council :-— session of methods of their own which experience | 
shown to be better than those most in vogue. They 0 


The reading of Papers or raising Discussions at 


: : ge asked to let others have the advantage of knowing th 
meetings of the Association. salen , BY ree 


special methods. 

We hope to extract from desk and _pigeon-li 
many MSS. which have remained unpublished for want 
of a suitable organ for making them ‘known. Our 

A glance through the titles of the papers read at | course must be tentative. We must find out from ou 
the General Meetings will show that one part of the | readers on which of several possible lines it is best, i 
programme laid down in 1881 for future progress | the general interest, to proceed. But we intend t 
has been well carried out. But most of the work | keep strictly to “Elementary Mathematics”: while » 
done in Committees has been that of one or two | absolutely excluding Differential and Integral Calculus 
our columns will, as a rule, be devoted to such sehe 


The appointment of Committees to report on 
existing defects in the usual methods, order, } 
range, etc., in teaching special subjects. 





individuals, and would have been almost as valuable 
if it had at once been issued to the teaching world 





subjects as Arithmetic, Algebra, Geometry, Trigon- 

without the intervention of Committees, which has 

frequently been the cause of delay and expense. It is | 

then, doubtless, to the widespread desire on the part | of all who can from time to time help us with cont 
| butions or advice. 


metry, and Mechanics. 
In conclusion we earnestly desire the co-operati 


of teachers of mathematics to become acquainted with 


All communications should be addressed to Tue Eprtor, 16 Adelaide Square, Bedford. 
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